CHAPTER

Linear Transformations

TRANSFORMING SPACE

Although a vector can be used to indicate a particular type of movement, actual vectors
themselves are essentially static, unchanging objects. For example, if we represent the
edges of a particular image on a computer screen by vectors, then these vectors are fixed
in place. However, when we want to move or alter the image in some way, such as rotating
it about a point on the screen, we need a function to calculate the new position for each of
the original vectors.

This suggests that we need another “tool” in our arsenal: functions that move a given
set of vectors in a prescribed “linear” manner. Such functions are called linear transforma-
tions. Just as we saw in Chapter 4 that general vector spaces are abstract generalizations
of R” we will find in this chapter that linear transformations are the corresponding abstract
generalization of matrix multiplication.

In this chapter, we study functions that map the vectors in one vector space to those in
another. We concentrate on a special class of these functions,known as linear transfor-
mations. The formal definition of a linear transformation is introduced in Section 5.1
along with several of its fundamental properties. In Section 5.2, we show that the effect
of any linear transformation is equivalent to multiplication by a corresponding matrix.
In Section 5.3, we examine an important relationship between the dimensions of the
domain and the range of a linear transformation, known as the Dimension Theorem. In
Section 5.4, we introduce two special types of linear transformations: one-to-one and
onto. In Section 5.5, these two types of linear transformations are combined to form
isomorphisms, which are used to establish that all z#-dimensional vector spaces are in
some sense equivalent. Finally, in Section 5.6, we return to the topic of eigenvalues
and eigenvectors to study them in the context of linear transformations.

Elementary Linear Algebra
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CHAPTER 5 Linear Transformations

5.1 INTRODUCTION TO LINEAR TRANSFORMATIONS

In this section, we introduce linear transformations and examine their elementary
properties.

Functions

If you are not familiar with the terms domain, codomain, range, image, and pre-
image in the context of functions, read Appendix B before proceeding. The following
example illustrates some of these terms:

Example 1
Let f: Ma3 — Mz be given by

A(F | R P

Then £ is a function that maps one vector space to another. The domain of f is Mzz, the
codomain of f is M3z, and the range of f is the set of all 2 X 2 matrices with second row entries

equal to zero. The image of 1253 under f is 12 . The matrix rz 1 is one of
4 5 6 0 0 11 12 13

the pre-images of (1) (2) under f. Also, the image under f of the set § of all matrices of the form

|:Z i ﬂ (where “x” represents any real number) is the set £(S) containing all matrices of the

form |:(7) :;i| Finally, the pre-image under f of the set T of all matrices of the form [g 4 :; 2:|

a a+2 x

is the set £ ~1(I') consisting of all matrices of the form )
k * -

Linear Transformations

Definition Let V and W be vector spaces, and let f: V — W be a function from
V to W. (That is, for each vector v € V, f(v) denotes exactly one vector of WW.)
Then f is a linear transformation if and only if both of the following are true:

D f(vitv2) =f(v1) tf(vz),forallvy, vz €V
@) f(cv) =c¢f(v),forallce Randallv e V.

Properties (1) and (2) insist that the operations of addition and scalar multiplica-
tion give the same result on vectors whether the operations are performed before
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f is applied (in V) or after f is applied (in W). Thus, a linear transformation is a
function between vector spaces that “preserves” the operations that give structure to
the spaces.

To determine whether a given function f from a vector space V to a vector space W
is a linear transformation, we need only verify properties (1) and (2) in the definition,
as in the next three examples.

L
Example 2

Consider the mapping f: Muun — Mum, given by f(A) = AT for any m X n matrix A. We will
show that f is a linear transformation.

(1) We must show that f(A1 +A2) =f (A1) +f(A2), for matrices Ay, A2 € M,y,,. However,
F(A1+A2) = (A1 +A2)T = AT + AT (by part (2) of Theorem 1.12) = £ (A1) + £ (A2).

(2) We must show that f(cA) = ¢f(A), for all ¢ € R and for all A € M,,;,. However, f(cA) =
(AT = c(AT) (by part (3) of Theorem 1.12) =¢f (A).

Hence, f is a linear transformation.

L
Example 3

Consider the function g : P, — P;,—1 given by g(p) = p’, the derivative of p. We will show that
g is a linear transformation.

(1) We mustshow thatg(p1 + p2) = g(p1) + g(p2), forall p1,p2 € Pn. Now, g(p1 + p2) =
(p1 +p2)/. From calculus we know that the derivative of a sum is the sum of the

derivatives, so (p1 + p2)’ = P} + P, = gP1) +g(p2).

(2) We must show that g(cp) = cg(p), forallc e R and p € P,,. Now, g(cp) = (Cp)/. Again,
from calculus we know that the derivative of a constant times a function is equal to the
constant times the derivative of the function, so (cp)’ = c(p’) = cg(p).

Hence, g is a linear transformation.

L
Example 4

Let V be a finite dimensional vector space, and let B be an ordered basis for V. Then every
element v € V has its coordinatization [v]p with respect to B. Consider the mapping f: V — R”
given by f(v) = [v]g. We will show that f is a linear transformation.

Let vqi,v2 € V. By Theorem 4.20, [v1 + v2lg = [v1]p + [V2]g. Hence,

fv1+v2) =[v1 +v2lg =[vilg + [V2lg = f(v1) +f(v2).
Next, let c € R and v € V. Again by Theorem 4.20, [cv]g = c[v]g. Hence,
S(ev) =[evlg =clvlg = ¢ (v).

Thus, f is a linear transformation from V' to R”.
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CHAPTER 5 Linear Transformations

Not every function between vector spaces is a linear transformation. For example,
consider the function 4:R? — R? given by h([x,y]) = [x + 1,y — 2] = [x,y] + [1,—2].
In this case, i merely adds [1, —2] to each vector [x,y] (see Figure 5.1). This type of
mapping is called a translation. However, / is not a linear transformation. To show
that it is not, we have to produce a counterexample to verify that either property
(D) or property (2) of the definition fails. Property (1) fails, since h([1,2] + [3,4]) =
h([4,6]) = [5,4], while h([1,2]) + h([3,4]) = [2,0] + [4,2] = [6,2].

In general, when given a function f between vector spaces, we do not always
know right away whether f is a linear transformation. If we suspect that either pro-
perty (1) or (2) does not hold for f, then we look for a counterexample.

Linear Operators and Some Geometric Examples

An important type of linear transformation is one that maps a vector space to itself.

Definition Let V be a vector space. A linear operator on V is a linear transfor-
mation whose domain and codomain are both V.

Example 5

If V is any vector space, then the mapping i: V — V given by i(v) = v for all v e V is a linear
operator, known as the identity linear operator. Also, the constant mapping z: V — V given by
z(v) = 0y, is a linear operator known as the zero linear operator (see Exercise 2). =

The next few examples exhibit important geometric operators. In these examples,
assume that all vectors begin at the origin.

L
Example 6
Reflections: Consider the mapping f: R> — R3 given by f(la1,a2,a3]) = [a1,a2, —a3). This
mapping “reflects” the vector [a1,a2,a3] through the xy-plane, which acts like a “mirror” (see

x y)
vyt
y—1 + [1! _2]
y—-2+ (x+1,y-2)
)'( x-'s-1

FIGURE 5.1

A translation in R?
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Figure 5.2). Now, since

Sf(lay,az,a3] + [b1,b2,03]) = f([a1 + b1,az2 + bz,a3 + b3)])
= la1 +b1,a2 + b2, (a3 + b3)]
= [a1,a2,~a3] + [b1,b2, —b3]
=f(la1,az,a3]) + f([b1,b2,b3]), and

f(clay,az,a3]) = f([cai,caz,caz]) = [cay,caz, —ca3] = clai,a2,—a3] = ¢f ([a1,a2,a3]),

we see that f is a linear operator. Similarly, reflection through the xz-plane or the yz-plane is
also a linear operator on R3 (see Exercise 4). -

L
Example 7

Contractions and Dilations: Consider the mapping g: R” — R” given by scalar multiplication by
k,where k € R; that s, g(v) = kv, for v € R”. The function g is a linear operator (see Exercise 3).
If |&] > 1, g represents a dilation (lengthening) of the vectors in R”; if |k| < 1, g represents a
contraction (shrinking). -

L
Example 8

Projections: Consider the mapping k: R3 — R3 given by h([a1,a2,a3]) = [a1,az,0]. This map-
ping takes each vector in R3 to a corresponding vector in the xy-plane (see Figure 5.3). Similarly,

(a4, ap, a3)

(a1, ap, —ag)

FIGURE 5.2

Reflection in R3 through the xy-plane
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FIGURE 5.3
Projection of [ay,a2,as3] to the xy-plane

consider the mapping j: R% - R4 given byj(la1,az,a3,a4]) = [0,a2,0,a4]. This mapping takes
each vector in R4 1o a corresponding vector whose first and third coordinates are zero. The
functions k and j are both linear operators (see Exercise 5). Such mappings, where at least
one of the coordinates is “zeroed out,” are examples of projection mappings. You can verify that
all such mappings are linear operators. (Other types of projection mappings are illustrated in
Exercises 6 and 7.) =

|
Example 9

Rotations: Let 6 be a fixed angle in R2, and let 7: R — R? be given by

p x|\ |[cos® —sinf||x| |xcosd—ysinb
y sinf cosf ||y xsin0+ycos(9'

In Exercise 9 you are asked to show that [ rotates [x,y] counterclockwise through the angle 6
(see Figure 5.4).
Now, let vi = [x1,p1] and vz = [x2,y2] be two vectors in R2. Then,

cosf —sinf

I(vi+v2) = |: i|(V1 +v2)

sin 6 cosf
cosf —sinf cosf —sinf

= vy + V2
sin 6 cosf sin 6 cosf

=1(vy) +1(v2).
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® (X, y)
H{[x yD) 0
[x y]

FIGURE 5.4
Counterclockwise rotation of [x, y] through an angle 6 in R?

Similarly, I(cv) = cl(v), for any ¢ € R and v € R2. Hence, [ is a linear operator. -

Beware! Not all geometric operations are linear operators. Recall that the translation
function is not a linear operator!

Multiplication Transformation

The linear operator in Example 9 is actually a special case of the next example, which
shows that multiplication by an » X n matrix is always a linear transformation from
R” to R™.

e
Example 10

Let A be a given m X n matrix. We show that the function f: R” — R defined by f (x) = Ax, for
allx € R”, is a linear transformation. Let x1,x2 € R”. Then f(x1 +x2) = A(x] + X2) = Ax +
Ax), = f(x1) + f(x2). Also, let x e R” and ¢ € R. Then, f(cx) = A(cx) = c(AX) = ¢f (X). =

For a specific example of the multiplication transformation, consider the matrix

-1 4 2 L
A—|: 5 6 _3:|.The mapping given by

ﬁl _ -1 4 2 il _|™x + 4x; + 2x3
/ 2 5 6 —3 2 5x1 + 6x2 — 3x3
X3 X3

is a linear transformation from R3 to R2. In the next section, we will show that the
converse of the result in Example 10 also holds; every linear transformation from R”
to R™ is equivalent to multiplication by an appropriate 7 X 7 matrix.
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Elementary Properties of Linear Transformations

We now prove some basic properties of linear transformations. From here on, we
usually use italicized capital letters, such as “L,” to represent linear transformations.

Theorem 5.1 Let V and W be vector spaces, and let Z: ¥V — W be a linear trans-
formation. Let 0y be the zero vector in V and 0y, be the zero vector in W.
Then

(1) L(0y) = 0wy
(2) L(—v) = —L(v), forallveV

(3) L(a1vy +azxvy + - +a,vy) =a1L(vy) + axL(v2) + --- + a,L(vy), for all
ai,...,an €R, andvyq,...,v, €V, forn=2.

Proof.
Part (1):
L(0y) = L(00y) part (2) of Theorem 4.1, in V
= 0L(0y) property (2) of linear transformation
= 0y part (2) of Theorem 4.1, in W
Part (2):

L(—v) =L(—1v) part (3) of Theorem 4.1, in V
—1(L(v)) property (2) of linear transformation
—L(V) part (3) of Theorem 4.1, in W

Part (3): (Abridged) This part is proved by induction. We prove the Base Step (n = 2)
here and leave the Inductive Step as Exercise 29. For the Base Step, we must
show that L(ai1vy + avz) = a1 L(vy) + axL(v2). But,

L(ayvy + axvy) = L(ayvy) + L(azvz)  property (1) of linear transformation
= a1L(vy) + axL(v2) property (2) of linear transformation.
The next theorem asserts that the composition L; o L; of linear transformations L;

and L, is again a linear transformation (see Appendix B for a review of composition of
functions).

Theorem 5.2 Let V;,)%, and V3 be vector spaces. Let L1: Vi — V; and Lz: V, — Vs
be linear transformations. Then L, o L1: V1 — V3 given by (I 0 L1)(v) = Ly(L1(v)), for
all v € Vy, is a linear transformation.
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Proof. (Abridged) To show that L, o Ly is a linear transformation, we must show that for all
ceRandv,vi,vp €V,

(L20Ly)(vi +v2) = (Lz20L1)(v1) + L20L1)(V2)
and (LyoLy)(cv) =c(LzoL1)(V).

The first property holds since

(Lz20L1)(vy +v2) = La(L1 (V1 +V2))

=Ly(L1(v1) + L1(v2)) because Ly is a linear
transformation
=IL(L1(vy)) + La(L1(v2)) because L is a linear

transformation
=(Lz20L1)(v1) + (L20L1)(v2).

We leave the proof of the second property as Exercise 33. O

L
Example 11

Let Z; represent the rotation of vectors in R2 through a fixed angle 6 (as in Example 9), and let
L represent the reflection of vectors in R? through the x-axis. That is, if v = [v1,v2], then

__|cosf —sinf || v _ v1
hiv) = |:sin0 cos0i| [vzi| and Lz(v) = |:—vg:|'

Because L1 and L, are both linear transformations, Theorem 5.2 asserts that
v1cosf — vy sinf v1cosf — vy sinf

Lz (L1 (V) = L2 . = .
v1sin6 + vz cosf —wv18inf — v cosh

is also a linear transformation. L, o Ly represents a rotation of v through 6 followed by a reflection
through the x-axis. =

Theorem 5.2 generalizes naturally to more than two linear transformations. That is,
if L1,L3,...,Lg are linear transformations and the composition Lz o --- o Ly o L1 makes
sense,then Ly o--- 0L, 0Ly is also a linear transformation.

Linear Transformations and Subspaces

The final theorem of this section assures us that, under a linear transformation L:
Y — W, subspaces of V “correspond” to subspaces of W, and vice versa.
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Theorem 5.3 Let L: V — W be a linear transformation.

(1) If V" is asubspace of V, then L(V') = {L(v) |v € V'}, the image of V" in W, is
a subspace of W. In particular, the range of L is a subspace of W.

(2) If W is a subspace of W, then L1 (W) = {v|L(v) € W'}, the pre-image of
W' inV, is a subspace of V.

We prove part (1) and leave part (2) as Exercise 31.

Proof. Part (1): Suppose that Z: V — W is a linear transformation and that ' is a subspace
of V. Now, L(V'), the image of V' in W (see Figure 5.5), is certainly nonempty (why?).
Hence, to show that L (V') is a subspace of W, we must prove that L (V') is closed under
addition and scalar multiplication.

First, suppose that wy,w> € L(V'). Then, by definition of Z ('), we have wy = L(vy) and
wy = L(v3), for some vi,vo € V'. Then, w; +w;, = L(vy) + L(v2) = L(vy + v2) because
L is a linear transformation. However, since V' is a subspace of V, (vi +v3) € V'. Thus,
(w1 +wy) isthe image of (v +v2) € V', and so (wy +w2) € L(V'). Hence, L(V') is closed
under addition.

Next, suppose that ¢ € R and w € L()’). By definition of L(V'), w = L(v), for some
v eV . Then, cw = cL(v) = L(cv) since Lis a linear transformation. Now, cv € V', because
V' is a subspace of V. Thus, cw is the image of cv € V', and so cw € L(V'). Hence, L(V)
is closed under scalar multiplication. O

[
Example 12
Let Z: May — R3 where L Z 2}) = [b,0,c]. Lis a linear transformation (verify!). By Theo-

rem 5.3, the range of any linear transformation is a subspace of the codomain. Hence, the range
of L = {[b,0,c]| b,c € R} is a subspace of R3.

Also, consider the subspace U = { [z 2}

under L is {[b,0,0]|b € R}. This image is a subspace of R3, as Theorem 5.3 asserts. Finally,
consider the subspace W = {[b,e,2b]| b,e € R} of R3. The pre-image of W consists of all

(D7) L
FIGURE 5.5

a,b,d € ]R} of M23. Then the image of U

Subspaces of V correspond to subspaces of W under a linear transformation L: ¥V — W
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a
2b d

claimed by Theorem 5.3.

New Vocabhulary

codomain (of a linear transformation)
composition of linear transformations
contraction (mapping)

dilation (mapping)

domain (of a linear transformation)
identity linear operator

image (of a vector in the domain)
linear operator

b:|. Notice that this pre-image is a subspace of Mj3, as

pre-image (of a vector in the codomain)
projection (mapping)

range (of a linear transformation)
reflection (mapping)

rotation (mapping)

shear (mapping)

translation (mapping)

zero linear operator

linear transformation

Highlights

m A linear transformation is a function from one vector space to another that

preserves the operations of addition and scalar multiplication. That is, under
a linear transformation, the image of a linear combination of vectors is the linear
combination of the images of the vectors having the same coefficients.

m A linear operator is a linear transformation from a vector space to itself.

m A nontrivial translation of the plane R?)orof space [R3)isneveralinear operator,

but all of the following are linear operators: contraction (of R™), dilation (of R™),
reflection of space through the xy-plane (or xz-plane or yz-plane), rotation of
the plane about the origin through a given angle 6, projection (of R”) in which
one or more of the coordinates are zeroed out.

Multiplication of vectors in R” on the left by a fixed m X n matrix A is a linear
transformation from R” to R".

cosf —sinf
sinf  cos6
rotating the vector counterclockwise about the origin through the angle 6.

Multiplying a vector on the left by the matrix |: is equivalent to

Linear transformations always map the zero vector of the domain to the zero
vector of the codomain.

m A composition of linear transformations is a linear transformation.

Under a linear transformation, subspaces of the domain map to subspaces of the
codomain,and the pre-image of a subspace of the codomain is a subspace of the
domain.
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EXERCISES FOR SECTION 5.1

1.

Determine which of the following functions are linear transformations. Prove
that your answers are correct. Which are linear operators?

*(a) f:R? — R? given by f([x,y]) = [3x — 4y, —x + 2y]
*(b) h:R* — R* given by h([x1,x2,x3,%4]) = [x1 + 2, 22 — 1, x3, —3]
(© k:R? — R3 given by k([x1,x2,x3]) = [x2, x3, x1]

b —2ct+d b—
*(d) I: My — Mo, given byl([i d]) = [ﬂ —4Ca bic—c3di|

(e) n: My — R given by n <|:i 2:|> = ad — bc

*(£f) r:P3 — P, given by r(ax? + bx* + cx + d) = (Ja)x? —b*x + ¢
(g s:R3 — R3 given by s([x1,x2,x3]) = [cosxy, sinxy, €3]

*(h) t:P3; — R given by t(azx> + axx? + a\x + ag) = as +az +a, + ao
@ wRi>R given by u([xl,xz,x3,x4]) = |xz|

*(G) v: P2 — R given by v (ax* + bx + ¢) = abc

ail a2
*(k) 8 M32 — 774 giVCl’l byg az1 a2 = 6l11.X'4 - a21x2 + aszy
as1  asz

*(1) e:R? — R given by e([x,y]) = /x2 + 2
Let ¥V and W be vector spaces.
(a) Show that the identity mapping i:V — ) given by i(v) = v,forallv eV,
is a linear operator.

(b) Show that the zero mapping z:V — W given by z(v) = Oy, forallv eV,
is a linear transformation.

Let & be a fixed scalar in R. Show that the mapping f: R” — R” given by
f(x1,%2,...,%,]) = k[x1,%2,...,%,] is a linear operator.

(a) Show that f:R?> — R3 given by f([x,y,z]) = [—x,y,z] (reflection of a
vector through the yz-plane) is a linear operator.

(b) What mapping from R3 to R3 would reflect a vector through the xz-plane?
Is it a linear operator? Why or why not?

(¢) What mapping from R? to R? would reflect a vector through the y-axis?
through the x-axis? Are these linear operators? Why or why not?

Show that the projection mappings h: R3 — R3 given by h([a1,a2,a3]) =
[a1,a2,0] and j: RY > RY given by j([a1,a2,a3,a4]) = [0,a2,0,a4] are linear
operators.
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6. The mapping f:R"” — R given by f([x1,x2,...,X4,...,%,]) = x; is another type
of projection mapping. Show that f is a linear transformation.

7. Letx be a fixed nonzero vector in R3. Show that the mapping g:R> — R3 given
by g(y) = proj,y is a linear operator.

8. Let x be a fixed vector in R”. Prove that L: R” — R given by L(y) = x-y is a
linear transformation.

9. Let 6 be a fixed angle in the xy-plane. Show that the linear operator L:R? —
R? given by L([;:I) = [(;?r?g Cs;)r;z] |:;C}:| rotates the vector [x,y] coun-
terclockwise through the angle 6 in the plane. (Hint: Consider the vector
[x’,7'], obtained by rotating [x,y] counterclockwise through the angle 6. Let
r = /x2+ 2. Then x = rcosa and y = rsina, where « is the angle shown in
Figure 5.6. Notice that &’ = r(cos(f + «)) and »’ = r(sin(6 + «)). Then show
that Z([x,y]) = [%',)'].)

10. (a) Explain why the mapping L: R?> — R3 given by

cos —sinf O] |x
=|sin@ cos@ O]|y
0 0 1|z

~
N R

is a linear operator.

(b) Show that the mapping L in part (a) rotates every vector in R> about the
z-axis through an angle of 6 (as measured relative to the xy-plane).

*(c) What matrix should be multiplied times [x, ), z] to create the linear opera-
tor that rotates R? about the y-axis through an angle 6 (relative to the
xz-plane)? (Hint: When looking down from the positive yp-axis toward

(x,y)

(% y)

FIGURE 5.6
The vectors [x,y] and [x',)']
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11.

12.

13.

14.

the xz-plane in a right-handed system, the positive z-axis rotates 90°
counterclockwise into the positive x-axis.)

Shears: Let f1, f>: R? — R? be given by

(G-l G-
(I P | A R PR

The mapping f] is called a shear in the x-direction with factor &; f> is called
a shear in the y-direction with factor k. The effect of these functions (for
k > 1) on the vector [1, 1] is shown in Figure 5.7. Show that f; and f, are linear
operators directly, without using Example 10.

and

Let f: M, — R be given by f(A) = trace(A). (The trace is defined in
Exercise 14 of Section 1.4.) Prove that f is a linear transformation.

Show that the mappings g, h: M, — My, givenbyg(A) = A + AT and h(A) =
A — AT are linear operators on M,,,.

(a) Show that if p € P, then the (indefinite integral) function f: P, — Pp+1,
where f(p) is the vector f p(x) dx with zero constant term, is a linear
transformation.

(b) Show that if p € P, then the (definite integral) function g: P, — R given
by g(p) = fab p dx is a linear transformation, for any fixed a,b € R.

15. Let V be the vector space of all functions f from R to R that are infinitely
differentiable (that is, for which f ) the nth derivative of [, exists for every
(1, 1+ k)
(1,1) (1+k1) ,
(1, 1)
(a) (b)
FIGURE 5.7

(a) Shear in the x-direction; (b) shear in the y-direction (both for &£ > 0)
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17.

18.

19.

20.

21.

22.

23.

24.

25.

*26.

27.
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integer n=1). Use induction and Theorem 5.2 to show that for any given
integer k=1, L:V — V given by L(f) = f® is a linear operator.

Consider the function f: M,,,, - M, given by f(A) = BA, where B is some
fixed n X n matrix. Show that f is a linear operator.

Let B be a fixed nonsingular matrix in M,,,,. Show that the mapping f: M,,,, —

M., given by f(A) = B~ !AB is a linear operator.

Let a be a fixed real number.

(a) LetL:P, — Rbegivenby L(p(x)) = p(a).(Thatis, L evaluates polynomials
in P, at x = a.) Show that L is a linear transformation.

(b) Let L: P,, — P, be given by L(p(x)) = p(x + a). (For example, when a is
positive, L shifts the graph of p(x) to the left by a units.) Prove that L is a
linear operator.

Let A be a fixed matrix in M,,,. Define f: P, — M, by

flanx™ + ap—1x"" '+ +ayx + ap)

=a,A" +a, A" 1+ @A+ agl,.

Show that f is a linear transformation.

Let V be the unusual vector space from Example 7 in Section 4.1. Show that
L:V — R given by L(x) = In(x) is a linear transformation.

Let V be a vector space, and let x # 0 be a fixed vector in V. Prove that
the translation function f: V —V given by f(v) =v +Xx is not a linear
transformation.

Show that if A is a fixed matrix in M,,,, andy # 0 is a fixed vector in R, then
the mapping f:R” — R given by f(x) = AXx + y is not a linear transformation
by showing that part (1) of Theorem 5.1 fails for f.

Prove that f: M33; — R given by f(A) = |A| is not a linear transformation.
(A similar result is true for M,,,,,forn > 1.)

Suppose Li: V — W is a linear transformation and L;: V — W is defined by
L,(v) = L1(2v). Show that L, is a linear transformation.

Suppose L: R3 > R3 is a linear operator and L([1,0,0]) =[—2,1,0],
L([0,1,0]) = [3,—2,1], and L([0,0,1]) = [0,—1,3]. Find L([—3,2,4]). Give a
formula for L([x,y,z]), for any [x,y,z] € R3.

Suppose L:R? — R? isalinear operator and L(i +j) = i — 3jand L(—2i + 3j) =
—4i + 2j. Express L(i) and L(j) as linear combinations of i and j.

Let L:V — W be a linear transformation. Show that L(x —y) = L(x) — L(y), for
all vectors X,y € V.
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28.

»29.
30.

»31.

32.

33.

34.

35.

*36.

Part (3) of Theorem 5.1 assures us that if L: V — W is a linear transformation,
then L(avy + bvy) = aL(vy) + bL(v,), for all vi,v, €V and all a,b € R. Prove
that the converse of this statement is true. (Hint: Consider two cases: first
a=b=1andthen b =0.)

Finish the proof of part (3) of Theorem 5.1 by doing the Inductive Step.

(a) Suppose that L:V — W is a linear transformation. Show that if {L(vy),
L(v2),...,L(v,)}isalinearly independent set of z distinct vectors in W, for
some vectors vi,...,v, € V,then {vy,v,,...,v,} is a linearly independent
setin V.

*(b) Find a counterexample to the converse of part (a).

Finish the proof of Theorem 5.3 by showing that if L: ) — VV is a linear trans-
formation and W' is a subspace of W with pre-image L~! (W’), then L~ (W)
is a subspace of V.

Show that every linear operator L: R — R has the form L(x) = c¢x, for some
ceR.

Finish the proof of Theorem 5.2 by proving property (2) of a linear transfor-
mation for L, o L.

Let Ly,L: V — W be linear transformations. Define (L; ©Ly): V — W by

(L1 ® L2)(v) = L1 (V) + L,(v) (where the latter addition takes place in W).

Also define (c®Ly): Y — Wby (c © L1)(v) = ¢ (L1(v)) (where the latter scalar

multiplication takes place in W).

(a) Show that (I; & L) and (¢ ® Ly) are linear transformations.

(b) Use the results in part (a) above and part (b) of Exercise 2 to show that
the set of all linear transformations from ) to W is a vector space under
the operations @ and ©.

Let L: R?> — R? be a nonzero linear operator. Show that L maps a line to either
a line or a point.
True or False:

(@) If L: V — W is a function between vector spaces for which L(cv) = cL(v),
then L is a linear transformation.

(b) IfV is an n-dimensional vector space with ordered basis B,then L:V — R”
given by L(v) = [v]p is a linear transformation.

(©) The function L: R? — R3 given by L([x,y,z]) =[x+ 1,y —2,z+3] is a
linear operator.

(d) If A is a 4 X 3 matrix, then L(v) = Av is a linear transformation from R4
to R3.

(e) A linear transformation from V to WV always maps 0y to Oyy.
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® If M;:V — W and M3: VW — X are linear transformations, then My o M5 is
a well-defined linear transformation.

() If L: YV — W is a linear transformation, then the image of any subspace of
V is a subspace of W.

(h) If L: YV — W is a linear transformation, then the pre-image of {0yy} is a
subspace of V.

5.2 THE MATRIX OF A LINEAR TRANSFORMATION

In this section, we show that the behavior of any linear transformation L: V — W
is determined by its effect on a basis for V. In particular, when V and WV are finite
dimensional and ordered bases for }V and )V are chosen, we can obtain a matrix corre-
sponding to L that is useful in computing images under L. Finally, we investigate how
the matrix for L changes as the bases for )V and YV change.

A Linear Transformation Is Determined by Its Action on a Basis

If the action of a linear transformation L: V — )V on a basis for V' is known, then
the action of L can be computed for all elements of V), as we see in the next
example.

e
Example 1

You can quickly verify that
B = ([0,4,0,1],[~2,5,0,2],[~3,5,1,1],[~1,2,0,1])
is an ordered basis for R4. Now suppose that L: R¥ — R3 is a linear transformation for which
L([0,4,0,1]) =[3,1,2], L([—2,5,0,2]) = [2,—1,1],
L([-3,5,1,1]) =[—4,3,0], and L([—1,2,0,1]) =[6,1,—1].

We can use the values of L on B to compute L for other vectors in R4, For example, let v =
[—4,14,1,4]. By using row reduction, we see that [vlg = [2, —1, 1, 3] (verify!). So,

L(v) =L(2[0,4,0,1] - 1[~2,5,0,2] + 1[—3,5,1,1] + 3[~1,2,0,1])
=2([0,4,0,1]) — 1L([-2,5,0,2]) + 1L([~3,5,1,1])
+3L(—1,2,0,1])
=2[3,1,2] — [2,—1,1] + [—4,3,0] + 3[6,1,— 1]

=[18,9,0].
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In general, if ve R* and [v]g = [k1,k2, k3, k4], then
L(v) = k1[3,1,2] + k2[2,—1,1] + k3[—4,3,0] + k4[6,1,—1]
= [3k] + 2ky — 4k3 + Oky, k1 — k2 + 3k3 + Ry, 2k + k2 — k4]

Thus, we have derived a general formula for L from its effect on the basis B.

Example 1 illustrates the next theorem.

Theorem 5.4 Let B = (vq,v2,...,v,) be an ordered basis for a vector space V. Let W
be a vector space, and let wy,w», ..., w,, be any n vectors in W. Then there is a unique
linear transformation L: V — W such that L(vy) = wyq, L(v2) = W, ..., L(Vv,) = Wy,.

Proof. (Abridged) Let B = (vq1,v2,...,v,) be an ordered basis for V, and let v € V. Then
vV =ayvy +--- +ayvy,, for some unique a;'s in R. Let wy,...,w, be any vectors in W.
Define L: V — W by L(v) = ayw; + a;wy + --- + a,w,. Notice that L(v) is well defined
since the a;'s are unique.

To show that L is a linear transformation, we must prove that L(x; + x;) = L(x;) +
L(x3) and L(cx1) = cL(xy), for all x1,x, € V and all ¢ € R. Suppose that x; = dyvy +--- +
d,v, and x; = ejvy + -+ + e,vy,. Then, by definition of L, L(x1) = dywy + -+ + d,w, and
L(x3) = eyw, + -+ + e, w,. However,

X1 + X3 = (dy +ey)vy + -+ (dyp + e,)Vy,
SO, L(X1+xXp) = (di +ep)wy + -+ (dy+e)Wy,

again by definition of L. Hence, L(x1) + L(x3) = L(xX1 + X3).

Similarly, suppose x €V, and x = t;vy +--- +#,v,. Then, c¢x = ctyvy + -+ + ¢ty vy,
and so L(¢cx) = ckywy + --- + ct,w, = cL(x). Hence, L is a linear transformation.

Finally, the proof of the uniqueness assertion is straightforward and is left as
Exercise 25. O

The Matrix of a Linear Transformation

Our next goal is to show that every linear transformation on a finite dimensional vector
space can be expressed as a matrix multiplication. This will allow us to solve prob-
lems involving linear transformations by performing matrix multiplications, which
can easily be done by computer. As we will see, the matrix for a linear transformation
is determined by the ordered bases B and C chosen for the domain and codomain,
respectively. Our goal is to find a matrix that takes the B-coordinates of a vector in the
domain to the C-coordinates of its image vector in the codomain.

Recall the linear transformation L: R* — R3 with the ordered basis B for R* from
Example 1. Forv € R4,we let[v]p = [R1, k2, k3, k4],and obtained the following formula
for L:

L(V) = [3ky + 2k — 43 + Oky, ky — ko + 3k3 + ky, 2k + ka — ky].
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Now, to keep matters simple, we select the standard basis C = (eq,e;,e3) for the
codomain R3, so that the C-coordinates of vectors in the codomain are the same as the
vectors themselves. (That is, L(v) = [L(V)]¢, since C is the standard basis.) Then this
formula for L takes the B-coordinates of each vector in the domain to the C-coordinates
of its image vector in the codomain. Now, notice that if

k
3 2 -4 6 kl 3k + 2k, — 4ks + Gky
Asc=1|1 -1 3 1|, thenApc kz = | ki —ko+3ks+ Ry
2 1 0 -1 3 2k + ky — Ry
Ry

Hence, the matrix A contains all of the information needed for carrying out the linear
transformation L with respect to the chosen bases B and C.

A similar process can be used for any linear transformation between finite
dimensional vector spaces.

Theorem 5.5 Let V and W be nontrivial vector spaces, with dim(V) = n and dim(W) =
m. Let B = (v1,v2,...,v;) and C = (w1,W2,...,W,,) be ordered bases for ¥V and
W, respectively. Let L: ¥V — W be a linear transformation. Then there is a unique
m X n matrix Agc such that Agc[vlg = [L(V)]c, for all v e V. (That is, Agc times the
coordinatization of v with respect to B gives the coordinatization of L(v) with respect
to C.)

Furthermore, for 1 =i = n, the ith column of Age = [L(v})]c.

Theorem 5.5 asserts that once ordered bases for }V and ¥V have been selected,
each linear transformation L:V — W is equivalent to multiplication by a unique
corresponding matrix. The matrix Apc in this theorem is known as the matrix of
the linear transformation L with respect to the ordered bases B (for V) and
C (for W). Theorem 5.5 also says that the matrix Agc is computed as follows: find
the image of each domain basis element v; in turn, and then express these images in
C-coordinates to get the respective columns of Ap¢.

The subscripts B and C on A are sometimes omitted when the bases being used
are clear from context. Beware! If different ordered bases are chosen for V or W, the
matrix for the linear transformation will probably change.

Proof. Consider the m X n matrix Agc whose ith column equals [L(v;)]¢, for 1 =i <mn. Let
v € V. We first prove that Ag¢[v]p = [L(V)]c.

Suppose that [v]g = [k1,R2,...,R,]. Then v = kyvy + Rovy + --- + kv, and L(v) =
k1L(v1) + kaL(v3) + --- + RkyL(vy,), by Theorem 5.1. Hence,

[LV)]¢ = [R1L(v1) + R2L(v2) + -+ + Ry L(Vy)]¢

=k1[L(v])]c + R2[L(v2)]c + -+ + Ry [L(vy)]e by Theorem 4.19
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= k1 (1st column of Agc) + k2(2nd column of Agc)
+ .-+ R, (nth column of Agc)
Ry

k2
=Apc| . | =Asclvls.

Ry,

To complete the proof, we need to establish the uniqueness of Agc. Suppose that H
is an m X n matrix such that H[v]g = [L(v)]. for all v e V. We will show that H = Ag¢. It
is enough to show that the éth column of H equals the ith column of Agc, for 1 =i =n.
Consider the #th vector, v;, of the ordered basis B for V. Since [v;]z = e;, we have ith
column of H = He; = H[v;]p = [L(v;)]¢, and this is the ith column of Agc. O

Notice that in the special case where the codomain WV is R”, and the basis C for
W is the standard basis, Theorem 5.5 asserts that the 7th column of Agc is simply L(v;)
itself (why?).

i
Example 2

Table 5.1 lists the matrices corresponding to some geometric linear operators on R3, with respect
to the standard basis. The columns of each matrix are quickly calculated using Theorem 5.5,
since we simply find the images L(ey), L(e2), and L(e3) of the domain basis elements ey, ez,
and es. (Each image is equal to its coordinatization in the codomain since we are using the
standard basis for the codomain as well.)

Once the matrix for each transformation is calculated, we can easily find the image of any
vector using matrix multiplication. For example, to find the effect of the reflection L1 in Table 5.1
on the vector [3, —4, 2], we simply multiply by the matrix for L1 to get

(=]
»
|8}

1 0
0 1 o||—4|=|—-4
(U]

e
Example 3

We will find the matrix for the linear transformation L: 3 — R3 given by
L(a5x3 + uzxz +aix + ag) = [ap + a1,2az,a3 — ap]

with respect to the standard ordered bases B = (x3,x%,x,1) for P3 and C = (e1, ez, e3) for R3.
We first need to find L(v), for each v € B. By definition of L, we have

L(x3) =10,0,1], L(x?) =1[0,2,0], L(x)=[1,0,0], and L(1) =[1,0,—1].
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Tahle 5.1 Matrices for several geometric linear operators on R3

Transformation Formula Matrix

Liler) Li(ez) Li(e3)

[ o 1 0 0
=| a 0 1 0
—a; 0 o0 -1

ai
az
La3 ]

Reflection

(through xy-plane) I

~

[2(e1) I2(e2) L2(e3)

Contraction p ap _ cay een g 0 8
or dilation 2| |42 caz |, 1orce c

Las3 | | caz 10 O c|
3(e1) Lz(ez) Lz(e3)
[ay 1 0 (
=|az 0 1 0

0 0 o]

~

Projection a

(onto xy-plane) Ls

az
L3 |

B Li(er) Ls(ez) Ls(es)
ayc086 — aysinf cosf —sinf O
= | aysinf + a cosf sinf cosf® O
as 0 0 1

Rotation (about
z-axis through
angle 6) (relative
to the xy-plane)

a
az
L3 |

Ly

Ls(e1) Ls(ez) Ls(es)
1 0 &
{0 1 k}
(V] 1

Since we are using the standard basis ¢ for R3, each of these images in R3 is its own
C-coordinatization. Then by Theorem 5.5, the matrix Ap¢ for L is the matrix whose columns
are these images; that is,

Shear (in the z- _

direction with factor &) s Zl _ Zl 1’;:3
(analog of Exercise > 2 2 3
11 in Section 5.1) La3 | as

L(x®) L(x?) L(x) L)
0 0 1 1
Agc= |0 2 0 0.
1 0 0 —1

We will compute L(5x3 —x? + 3x +2) using this matrix. Now, [5x3 —x2 +3x +2], =
[5,—1,3,2]. Hence, multiplication by Ag¢ gives

0 0 1 1 > 5
[L(5x5—x2+3x+2)]c =|0 2 o0 _; =|-2
1 00 —1 5 3

Since C is the standard basis for R3, we have L(5x3 — x2 + 3x + 2) = [5, —2,3], which can be
quickly verified to be the correct answer. =
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L
Example 4

We will find the matrix for the same linear transformation L: P3 — R3 of Example 3 with respect
to the different ordered bases

D= (x5+x2, x2+x,x+1, 1)

and E: ([_2’1’_5])[17_370]’[57 _652])‘

You should verify that D and E are bases for P3 and RR3, respectively.

We first need to find L(v), for each v € D. By definition of L, we have L(x3 + x?) = [0,2,1],
L(x2% +x) =[1,2,0], L(x + 1) = [2,0,—1], and L(1) = [1,0,—1]. Now we must find the coordi-
natization of each of these images in terms of the basis E for R3. Since we must solve for the
coordinates of many vectors, it is quicker to use the transition matrix Q from the standard basis
¢ for R3 to the basis E. From Theorem 4.22, Q is the inverse of the matrix whose columns are
the vectors in E; that is,

-2 1 3 -6 -2 3
Q= 1 -3 -6 =\ 16 5 —9].
-3 0 2 -9 =3 5
Now, multiplying Q by each of the images, we get
0 —1] 1 ~10|
[L(x5 +x2)] =Ql2|=]| 1|, [L(x2+x)] =Q|2 26
E E
1 -1 0 —-15
2 ~15 | 1 —9]
[Lx+D]p=Q| o|=]| 41|, and [ZWD)]p=Q| o0 25 .
-1 —23 -1 —14

By Theorem 5.5, the matrix Apg for L is the matrix whose columns are these products.

-1 -10 -15 -9
Ape=| 1 26 41 25
-1 —-15 -23 -14

We will compute L(5x3 — x% + 3x + 2) using this matrix. We must first find the representation
for 5x3 — x2 + 3x + 2 in terms of the basis D. Solving 5x3 — x2 + 3x + 2 = a(x3 + x2) + b(x2 +
x)+c(x+1)+d(1) for a, b, ¢, and d, we get the unique solution @ =5, b= -6, ¢ =9, and
d = —7 (verify!). Hence, [5a® —x? + 3x + 2], = [5,—6,9,~7]. Then

-1 -10 -15 -9]| ) —17
[L(Sx3 —x% 430 + 2)]E o R =1 I B Y
-1 -15 -23 14 ~24
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This answer represents a coordinate vector in terms of the basis E, and so

-2 1 3 5
LGxd —x?+3x+2)=—17| 1|+43|-3|-24|-6|=]|-2],
-3 0 2 3

which agrees with the answer in Example 3.

Finding the New Matrix for a Linear Transformation after
a Change of Basis

The next theorem indicates precisely how the matrix for a linear transformation
changes when we alter the bases for the domain and codomain.

Theorem 5.6 Let V and W be two nontrivial finite dimensional vector spaces with
ordered bases B and C, respectively. Let Z: V — W be a linear transformation with
matrix Agc with respect to bases B and €. Suppose that D and E are other ordered
bases for V and W, respectively. Let P be the transition matrix from B to D, and let Q
be the transition matrix from € to E. Then the matrix Apg for L with respect to bases
D and E is given by Apr = QAP L.

The situation in Theorem 5.6 is summarized in Figure 5.8.

Proof. Forallv eV,

Apclvlp = [L(V)]¢ by Theorem 5.5
= QAgxclvls = QIL(W)]¢
= QApclvlp = [LW)E because Q is the transition matrix from € to E
= QAp P l[vlp =[L(v)]g. because P! is the transition matrix from D to B

However, Apg is the unique matrix such that Apg [v]lp = [L(Vv)]g, for all v e V. Hence,

Apr = QAL P L 0
A
[vlg ——2< [LW)]e
(Matrix for L using B, C)
Transition Transition
matrix P matrix Q
A
vlp == [L(v)]g

(Matrix for L using D, E)

FIGURE 5.8

Relationship between matrices Agc and Apg for a linear transformation under a change of basis
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Theorem 5.6 gives us an alternate method for finding the matrix of a linear trans-
formation with respect to one pair of bases when the matrix for another pair of bases
is known.

L
Example 5

Recall the linear transformation L: P3 — R3 from Examples 3 and 4, given by

L(agx?’ + azxz +aix + ag) = lag + a1,2az,a3 — ap).

Example 3 shows that the matrix for L using the standard bases B (for P3) and C (for R3) is

0 0 1 1
Agc=10 2 0 0.
1 0 0 -1

Also, in Example 4, we computed directly to find the matrix Apg for the ordered bases D =
(3 +x2, x2 +x,x0+1,1)for Py and E = ((—2,1,—3],[1,—3,0],[3, —6,2]) for R3. Instead, we
now use Theorem 5.6 to calculate Apg. Recall from Example 4 that the transition matrix Q from
bases C to E is

-6 -2 3
Q=16 5 -9
-9 -3 5

Also, the transition matrix P~ from bases D to B is

1 0 0 O
_ 1 1 0 O .
pl= . (Verify!)
0O 1 1 O
0O 0 1 1
Hence,
1 0 0 O
6 2 X 001 ! 1 1 0 O
Apr =QAzP 1= 16 —9|lo 2 0o o
DE = QApc 5 -9 Lo o -1 011 0
-9 =3 5 00 1 1

-1 —-10 -—15 -9
= 1 26 41 25
-1 —-15 —-23 -—14

>

which agrees with the result obtained for Apg in Example 4.
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Linear Operators and Similarity

Suppose L is a linear operator on a finite dimensional vector space V. If B is a basis for
V, then there is some matrix Agp for L with respect to B. Also, if C is another basis for
V,then there is some matrix A¢¢ for L with respect to C. Let P be the transition matrix
from B to C (see Figure 5.9). Notice that by Theorem 5.6 we have Agg = P 'AqcP,
and so, by the definition of similar matrices, Agg and A¢c¢ are similar. This argument
shows that any two matrices for the same linear operator with respect to different
bases are similar. In fact, the converse is also true (see Exercise 20).

L
Example 6

Consider the linear operator Z: R3 — R3 whose matrix with respect to the standard basis B
for R3 is

1 6 3 =2
ABB = ; 3 -2 6
-2 6 3

We will use eigenvectors to find another basis D for R3 so that with respect to D,  has a much sim-
pler matrix representation. Now, pag, (x) = [xIs —Apg| =x3 —x?> —x+ 1= (x — D*(x + 1)
(verify!).

By row reducing (113 — Apg) and (—1I3 — Agg) we find the basis {[3,1,0], [—2,0,1]} for
the eigenspace Ep for Agg and the basis {[1,—3,2]} for the eigenspace E—; for Agg. (Again,
verify!) A quick check verifies that D = {[3,1,0], [—2,0,1], [1, —3,2]} is a basis for R3 consisting
of eigenvectors for Agp.

Next, recall that App is similar to Agg. In particular, from the remarks right before this exam-
ple, App = P~ 1AgpP, where P is the transition matrix from D to B. Now, the matrix whose
columns are the vectors in D is the transition matrix from D to the standard basis B. Thus,

3 =2 1 1 3 5 6
P=|1 0 -3, with P*I:E -2 10
0 1 2 -3 2
A
[Vls —25 [L(v)]p
(Matrix for L using B)
Transition Transition
matrix P—1 matrix P
A
Ve ee [LWV)]e

(Matrix for L using C)

FIGURE 5.9

Relationship between matrices Agg and A¢c for a linear operator under a change of basis
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as the transition matrix from B to D. Then,

10 0
App =P lAggP=1|0 1 o],
0 0 -1

a diagonal matrix with the eigenvalues 1 and —1 on the main diagonal.

Written in this form, the operator L is more comprehensible. Compare App to the matrix for
a reflection through the xy-plane given in Table 5.1. Now, because D is not the standard basis
for R3, L is not a reflection through the xy-plane. But we can show that L is a reflection of all
vectors in R3 through the plane formed by the two basis vectors for E; (that is, the plane is the
eigenspace E; itself). By the uniqueness assertion in Theorem 5.4, it is enough to show that L
acts as a reflection through the plane E; for each of the three basis vectors of D.

Since [3,1,0] and [—2,0,1] are in the plane Eq, we need to show that L “reflects” these
vectors to themselves. But this is true since L([3,1,0]) = 1[3,1,0] = [3,1,0], and similarly for
[—2,0,1]. Finally, notice that [1, —3, 2] is orthogonal to the plane E; (since it is orthogonal to both
[3,1,0]and [—2,0,1]). Therefore, we need to show that L “reflects” this vector to its opposite. But,
L([1,-3,2]) = —1[1,—3,2] = —[1,—3,2], and we are done. Hence, L is a reflection through the
plane Ej. =

Because the matrix App in Example 6 is diagonal, it is easy to see that py,,, (x) =
(x — 1)?(x + 1). In Exercise 6 of Section 3.4, you were asked to prove that simi-
lar matrices have the same characteristic polynomial. Therefore, pa,, (x) also equals
(x— 1%(x +1).

Matrix for the Composition of Linear Transformations

Our final theorem for this section shows how to find the corresponding matrix for the
composition of linear transformations. The proof is left as Exercise 15.

Theorem 5.7 Let V;,)V,, and V3 be nontrivial finite dimensional vector spaces with
ordered bases B, C, and D, respectively. Let L: V; — V), be a linear transformation with
matrix Agc with respect to bases Band €, and let L,: V, — Vs be a linear transformation
with matrix Acp with respect to bases € and D. Then the matrix Agp for the composite
linear transformation I, o L1: V1 — Vs with respect to bases B and D is the product
AcpApc.

Theorem 5.7 can be generalized to compositions of several linear transformations,
as in the next example.

Example 7
Let L1,L,,...,Ls be the geometric linear operators on R3 given in Table 5.1. Let Aj,...,As be
the matrices for these operators using the standard basis for R3. Then, the matrix for the
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composition Lg o Ls is

cosf® —sinf O 1 0 & cosf —sinf kcosO — ksinf
A4As = |sinf cos®@ 0|0 1 k| =/|sinf cosf ksinf+kcosd
0 0 1 0 0 1 0 0 1

Similarly, the matrix for the composition Ly oLz o L1 o Ls is

c 0 0|1 O O]|1 O off1 0 & c 0 kc
A2A3A1A5=10 ¢ 0|0 1 O]]0 1 O[O0 1 R[=]0 ¢ kc
0 0 ¢||0O O O]|]O O —-1]]0 O 1 0O 0 O

4 Supplemental Material: You have now covered the prerequisites for
Section 7.3,“Complex Vector Spaces.”

¢ Application: You have now covered the prerequisites for Section 8.8,
“Computer Graphics.”

New Vocabulary

matrix for a linear transformation

Highlights

m A linear transformation between finite dimensional vector spaces is uniquely
determined once the images of an ordered basis for the domain are specified.
(More specifically, let ¥V and W be vector spaces, with dim()) = n. Let B =
(V1,V2,...,V,) be an ordered basis for V, and let wi,w>,..., w,, be any n (not
necessarily distinct) vectors in V. Then there is a unique linear transformation
L:YV — W such that L(v;) = w;,for1=i=n.)

m Every linear transformation between (nontrivial) finite dimensional vector
spaces has a unique matrix Ag; with respect to the ordered bases B and C chosen
for the domain and codomain, respectively. (More specifically, let L: V — W be
a linear transformation, with dim()V) = n,dim(W) = m. Let B = (v1,V2,...,Vy;)
and C = (wq,wW2,...,W,,) be ordered bases for VV and W, respectively. Then
there is a unique m X n matrix Ag¢ such that Agc[v]p = [L(V)]¢,forallv e V)

m If Apc is the matrix for a linear transformation with respect to the ordered bases
B and C chosen for the domain and codomain, respectively, then the 7th column
of Apc is the C-coordinatization of the image of the 7th vector in B. That is, the
ith column of Ag¢ equals [L(V;)]¢.

m After a change of bases for the domain and codomain, the new matrix for a given
linear transformation can be found using the original matrix and the transition
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matrices between bases. (More specifically,let L: V — W be a linear transforma-
tion between (nontrivial) finite dimensional vector spaces with ordered bases B
and C, respectively, and with matrix Ap¢ in terms of bases B and C. If D and E
are other ordered bases for V and W, respectively, and P is the transition matrix
from B to D,and Q is the transition matrix from C to E, then the matrix Apg for
L in terms of bases D and E is Apg = QA P~ 1)

Matrices for several useful geometric operators on R are given inTable 5.1.

m The matrix for a linear operator (on a finite dimensional vector space) after a

change of basis is similar to the original matrix.

m The matrix for the composition of linear transformations (using the same ordered

bases) is the product of the matrices for the individual linear transformations
in reverse order. (More specifically, if L;: V1 — )V, is a linear transformation
with matrix Agc with respect to ordered bases B and C, and L;: V> — V3 is
a linear transformation with matrix Acp with respect to bases C and D, then
the matrix Agp for Ly o L1: V) — V3 with respect to bases B and D is given by
App = AcpAsgc.)

EXERCISES FOR SECTION 5.2

1.

Verify that the correct matrix is given for each of the geometric linear operators
inTable 5.1.

For each of the following linear transformations L: )V — W, find the matrix for
L with respect to the standard bases for V and W.
*(a) L: R?> — R3 given by L([x,y,z]) = [—6x + 4y — z,—2x + 3y — 5z, 3x —
y+7z2]
®) L:R*— R? given by L([x,y,z,w]) = [3x — 5y + 2 — 2w, 5x +y — 2z + 8w]
*(c) L: P3 — R3 given by L(ax® +bx*>+cx+d) =[4a—b+3c+3d, a+
3b—c+5d,—2a—7b+ 5c—d]
(d) L:P3; — M3, given by

3 ) —3a — 2c¢ —b + 4d
L(ax’ +bx” +cx +d) =
4b—c+3d —6a—b+2d

For each of the following linear transformations L:} — WV, find the matrix Agc
for L with respect to the given bases B for V and C for WV using the method of
Theorem 5.5:

*x(a) L: R? — R? given by L([x,y,z]) = [—2x + 3z, x+ 2y —z] with B=
([1,—3,2],[—4,13,—3],[2,—3,20]) and C = ([—2,—1],[5,3])
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) L: R? — R3 given by L([x,y]) = [13x — 9y, —x — 2y, —11x + 6y] with
B = ([2,3],[—3,—4]) and C = ([—1,2,2],[—4,1,3],[1,—1,—1])
*(c) L:R? — P, given by L([a,b]) = (—a + 5b)x* + (3a — b)x + 2b with B =
([5,31,[3,2D) and € = (3x? —2x, —2x%> +2x — 1, x> —x + 1)

c d

e ) L2 D)

¢ =([7,0,-3],[2,—1,-2],[~2,0,1])
*(e) L: P, - Mz given by

b
@ L: Mz — R3 givenbyL<|:a D =la—c+2d,2a+b—d,—2c+d]

5 —a 2b+c 3a—c
Liax® +bx +c) =

a+b c —2a+b-—c

withB= (—5x*—x—1,-6x>+3x+1,2x+1)and C =

(e R R I H R ]|

In each case, find the matrix Apg for the given linear transformation L: Y — W
with respect to the given bases D and E by first finding the matrix for L with
respect to the standard bases B and C for V and W, respectively,and then using
the method of Theorem 5.6.

*(a) L: R3 — R3 given by L([a,b,c]) = [-2a+b,—b —c, a+ 3c] with D =
([15,-6,4],(2,0,1],[3,—1,1]) and E = ([1,—3,1],[0,3, —1],[2,—2,1])
*(b) L: M, — R? given by

a b
L<|:C d]):[6a—b+3c—2d,—2a+3b—c+4d]

with

E=(-2,5],[-1,2])

(©) L: My, — P> given by

a b 5
L<|:C d])Z(b—c)x +Ba—d)x+ (4a—2c+d)

333
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with

(3 —4][-2 112 -2][-2 1
o- ([ ST G A ] e
E=2x—1,-5x*+3x—1,x*>—2x+1)

Verify that the same matrix is obtained for L in Exercise 3(d) by first finding the
matrix for L with respect to the standard bases and then using the method of
Theorem 5.6.

In each case, find the matrix Agp for each of the given linear operators L:} — V

with respect to the given basis B by using the method of Theorem 5.5. Then,

check your answer by calculating the matrix for L using the standard basis and

applying the method of Theorem 5.6.

*x(a) L: R? — R? given by L([x,y]) =[2x —y, x —3y] with B = ([4,—1],
[—7,2]

*x(b) L: P» — P, given by L(ax?+ bx +c¢) = (b —2c)x* + 2a+ ¢)x + (a —
b—c)withB= (2x*+2x—1,x,—3x%>—2x + 1)

(© L: My — My, given by

I a b _ 2a—c+d a—>b
c d —3b—2d —a-—2c+3d

s (-2 —1][3 1][-2 o] [t -1
0 1{’l0 =11’ 0 1|1 -1
*(a) Let L: P3; — P, be given by L(p) = p/, for p € Ps. Find the matrix for

L with respect to the standard bases for P3; and P,. Use this matrix to
calculate L(4x> — 5x2 + 6x — 7) by matrix multiplication.

with

(b) Let L: P, — P53 be the indefinite integral linear transformation; that is,
L(p) is the vector [ p(x) dx with zero constant term. Find the matrix for
L with respect to the standard bases for P, and P3. Use this matrix to
calculate L(2x? — x + 5) by matrix multiplication.

Let L: R? — R? be the linear operator that performs a counterclockwise
rotation through an angle of ¢ radians (30°).

*(a) Find the matrix for L with respect to the standard basis for RZ.
(b) Find the matrix for L with respect to the basis B = ([4, —3],[3, —2]).
Let L: Ma3 — M3, be given by L(A) = AT

(a) Find the matrix for L with respect to the standard bases.
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11.

12.

13.
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*(b) Find the matrix for L with respect to the bases

B=100 01 —-1{]|]0 1 O 00 O0f|]O O O
0 0 0[]0 O 0/’l0 0 Of’|—-1 0 O0]’|0 —1 —1}|’

0 0O
|:00 11|> for M3, and
1 1 —1 0 o0 0O O 0 O 0O O
c=00,0 ol,|1 1|,|{1 —-1/,|l0 o], 0
0 O 0o O 0 0 0O O 1 1 1 -1
fOl‘M32.

Let B be a basis for Vj, C be a basis for V,, and D be a basis for V5. Suppose
Li:V1 — V2 and Lz: )V, — V3 are represented, respectively, by the matrices

4 -1
ABC:|:_2 g :;] and ACD: 2 0
-1 -3

Find the matrix Agp representing the composition Ly o Ly: V; — V3.
Let L;:R3 — R% be givenby L1 ([x,y,z]) =[x —y — 2,2y +3z,x + 3y, —2x + 2],
and let I,: R* — R? be given by Ly([x,y,z,w]) = [2y — 2z + 3w, x —z + w].

(a) Find the matrices for Ly and L, with respect to the standard bases in each
case.

(b) Find the matrix for L; o L1 with respect to the standard bases for R3 and
R? using Theorem 5.7.

(c) Check your answer to part (b) by computing (L o L) ([x,y,z]) and finding
the matrix for L, o Ly directly from this result.

cosf —sinf
sin @ cosf
tion of R? about the origin through an angle 6.

(a) UseTheorem 5.7 to show that

Let A = [ ], the matrix representing the counterclockwise rota-

2 _ |[cos26 —sin26
sin 26 cos20 |’

(b) Generalize the result of part (2) to show that for any integer n =1,

A” = | €08 nf —sinnb
sinnf  cosnf |’

Let B = (v1,Vv2,...,V,) be an ordered basis for a vector space V. Find the matrix
with respect to B for each of the following linear operators L: )V — V:

*(a) L(v) = v, forall v eV (identity linear operator)
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14.

»15.
16.

17.

18.

(b) L(v) =0, for all v € V (zero linear operator)
*(c) L(v) = cv,for all v € V,and for some fixed ¢ € R (scalar linear operator)

(@ L:V — Vgiven by L(vy) = v2, L(Vv2) =V3,..., L(V,—1) =V, L(V,) =V
(forward replacement of basis vectors)
*(e) L:V — V given by L(vy) = vy, L(V2) =Vi,..., L(V,—1) = Vu—2, L(v,) =
v;,—1 (reverse replacement of basis vectors)

Let L: R” — R be a linear transformation. Prove that there is a vector x in R”
such that L(y) = x -y forally € R”.

Prove Theorem 5.7.

Let L: R3 > R> be given by L([x,y,z]) = [—4y — 13z, —6x + 5y + 6z,
2x — 2y — 3z].

(a) What is the matrix for L with respect to the standard basis for R3?

(b) What is the matrix for L with respect to the basis

B=(~1,-6,2],3,4,—1],[~1,-3,1])?

(c) What does your answer to part (b) tell you about the vectors in B? Explain.

In Example 6, verify that pa,, (x) = (x — 1)2(x + 1), {[3,1,0],[—2,0,1]} is a
basis for the eigenspace Ej, {[1,—3,2]} is a basis for the eigenspace E_1, the
transition matrices P and P~ ! are as indicated, and, finally, App = P lAgsP
is a diagonal matrix with entries 1,1, and —1, respectively, on the main
diagonal.

Let L: R3 — R3 be the linear operator whose matrix with respect to the standard
basis B for R is

8 2 2

1
ABB = § 2 5 —4
2 —4 5

*(a) Calculate and factor pa,, (x). (Be sure to incorporate % correctly into your
calculations.)

*(b) Solve for a basis for each eigenspace for L. Combine these to form a basis
C for R3.

*(c) Find the transition matrix P from C to B.
(d) Calculate A¢c using Agg,P,and P~ L

(e) Use Acc to give a geometric description of the operator L,as was done in
Example 6.



19.

20.

21.

22.

23.

24.

»25.
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Let L be a linear operator on a vector space )V with ordered basis B =
(V1,...,V5;). Suppose that & is a nonzero real number, and let C be the ordered
basis (kvy,...,kv,) for V. Show that Agg = Acc.

Let V be an n-dimensional vector space, and let X and Y be similar n X n
matrices. Prove that there is a linear operator L: )V — V and bases B and C such
that X is the matrix for L with respect to B and Y is the matrix for L with
respect to C. (Hint: Suppose that Y = P~ !XP. Choose any basis B for V. Then
create the linear operator L: V — )V whose matrix with respect to B is X. Let
v; be the vector so that [v;]g = ith column of P. Define C to be (vy,...,v,).
Prove that C is a basis for V. Then show that P~ is the transition matrix from
B to C and that Y is the matrix for L with respect to C.)

Let B = ([a,b],[c,d]) be a basis for R?. Then ad — bc # 0 (why?). Let L: R2 —
R? be a linear operator such that L([a, b]) = [c¢,d] and L([c,d]) = [a,b]. Show
that the matrix for L with respect to the standard basis for R? is

1 cd—ab a*—c?
ad —bc|d*>—b> ab—cd|

Let L: R? — R? be the linear transformation where L(Vv) is the reflection of v
through the line y = mx. (Assume that the initial point of v is the origin.) Show
that the matrix for L with respect to the standard basis for R? is

1 1-m? 2m
1 + m?2 2m m2—1|

(Hint: Use Exercise 19 in Section 1.2.)
Find the set of all matrices with respect to the standard basis for R? for all linear
operators that
(a) Take all vectors of the form [0,y] to vectors of the form [0, y ]
(b) Take all vectors of the form [x, 0] to vectors of the form [x’,0]
(c) Satisfy both parts (a) and (b) simultaneously
Let V and W be finite dimensional vector spaces, and let ) be a subspace of V.
Suppose that L: Y — W is a linear transformation. Prove that there is a linear

transformation L': YV — W such that I'(y) = L(y) for every y € Y. (I is called
an extension of L to )V.)

Prove the uniqueness assertion in Theorem 5.4. (Hint: Let v be any vector in
V. Show that there is only one possible answer for L(v) by expressing L(V) as
a linear combination of the w;’s.)

337
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*26. True or False:

@)

If L:YV — W is a linear transformation, and B = (v1,v2,...,V,) is an
ordered basis for V, then for any veV,L(v) can be computed if
L(vy),L(v3),...,L(v,) are known.

(b) There is a unique linear transformation L: R3 — P3 such that L([1,0,0]) =

()

@

(e)

x3 —x2,L([0,1,0]) = 23 —x2,and L([0,0,1]) = &3 — x2.

If V, W are nontrivial finite dimensional vector spaces and L:V — W isa
linear transformation, then there is a unique matrix A corresponding to L.

If L: V — W is a linear transformation and B is a (finite nonempty) ordered
basis for V,and C is a (finite nonempty) ordered basis for W, then [v]g =
Apc[L(V)]c-

If L:V — VW is a linear transformation and B = (v1,Vv2,...,V,) isan ordered
basis for V,and C is a (finite nonempty) ordered basis for WV, then the ith
column of Ag¢ is [L(V;)]c.

(f) The matrix for the projection of R? onto the xz-plane (with respect to the

®

h)

@
()]

1 0 0
standard basis)is [0 1 O
0O 0 O

If L: V — W is a linear transformation, and B and D are (finite nonempty)
ordered bases for V,and C and E are (finite nonempty) ordered bases for
W, then ApgP = QAp-, where P is the transition matrix from B to D, and
Q is the transition matrix from C to E.

If I: V — V is a linear operator on a nontrivial finite dimensional vector
space,and B and D are ordered bases for V, then App is similar to App.

Similar square matrices have identical characteristic polynomials.

1 2
If L1,L,: R? — R? are linear transformations with matrices [3 4] and
0 1 . . . .
1 0 ,respectively, with respect to the standard basis, then the matrix for

L> o Ly with respect to the standard basis equals |:; i:| [(1) (1)]

5.3 THE DIMENSION THEOREM

In this section, we introduce two special subspaces associated with a linear transfor-
mation L: V — W: the kernel of L (a subspace of V) and the range of L (a subspace
of W). We illustrate techniques for calculating bases for both the kernel and range
and show their dimensions are related to the rank of any matrix for the linear trans-
formation. We then use this to show that any matrix and its transpose have the same

rank.
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Kernel and Range

Definition Let Z: V — W be a linear transformation. The kernel of L, denoted
by ker(L), is the subset of all vectors in V' that map to 0yy. That is, ker(L) =
{v eV |L(v) = 0yy}. The range of L, or,range(L), is the subset of all vectors in W
that are the image of some vector in V. That is, range(l) = {L(V) |v € V}.

Remember that the kernel! is a subset of the domain and that the range is a subset of
the codomain. Since the kernel of L: YV — WV is the pre-image of the subspace {0y}
of W, it must be a subspace of V by Theorem 5.3. That theorem also assures us that
the range of L is a subspace of WW. Hence, we have

Theorem 5.8 If Z: V — W is a linear transformation, then the kernel of L is a subspace
of ¥V and the range of L is a subspace of W.

L
Example 1

Projection: For n =3, consider the linear operator L: R” — R” given by L([ay,a2,...,a,]) =
[a1,a2,0,...,0]. Now, ker(L) consists of those elements of the domain that map to [0,0,...,0],
the zero vector of the codomain. Hence, for vectors in the kernel, a; = az = 0, but as,...,ay
can have any values. Thus,

ker(L) = {[O,O,ag,...,an]‘a3,...,an GR}.

Notice that ker (L) is a subspace of the domain and that dim(ker(Z)) = n — 2, because the stan-
dard basis vectors es, ..., e, of R” span ker(L).

Also, range(Z) consists of those elements of the codomain P2 that are images of domain
elements. Hence, range(L) = {[a1,a2,0,...,0]|a1,a2 € R}. Notice that range(L) is a subspace
of the codomain and that dim(range(L)) = 2, since the standard basis vectors ey and e, span

range(L). =

L
Example 2

Differentiation: Consider the linear transformation L: P3 — P given by L(ax3 + bx? + cx + d) =
3ax? + 2bx + ¢. Now, ker(Z) consists of the polynomials in P53 that map to the zero polynomial
in P2. However, if 3ax?+2bx+c¢=0, we must have a=b=c=0. Hence, ker(l) =
{0x3 + 0x% + 0x + d|d € R}; that is, ker(L) is just the subset of P of all constant polynomials.
Notice that ker () is a subspace of P53 and that dim(ker(Z)) = 1 because the single polynomial
“1” spans ker (L).

! Some textbooks refer to the kernel of L as the nullspace of L.
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Also, range(L) consists of all polynomials in the codomain P, of the form 3ax? + 2bx + c.
Since every polynomial Ax2 + Bx + C of degree 2 or less can be expressed in this form (take
a=A/3, b=B/2, c = C), range(L) is all of P,. Therefore, range(L) is a subspace of P>, and
dim(range(L)) = 3. -

L
Example 3
Rotation: Recall that the linear transformation L: R2 — R2 given by

(| R e

for some (fixed) angle 6, represents the counterclockwise rotation of any vector [x,y] with initial
point at the origin through the angle 6.

Now, ker(L) consists of all vectors in the domain R2 that map to [0,0] in the codomain R2.
However, only [0, 0] itself is rotated by L to the zero vector. Hence, ker(Z) = {[0,0]}. Notice that
ker(L) is a subspace of RZ, and dim(ker(Z)) = 0.

Also, range(L) is all of the codomain R? because every nonzero vector v in R? is the image
of the vector of the same length at the angle 6 clockwise from v. Thus, range(L) = RZ, and so,
range(L) is a subspace of R% with dim(range(L)) = 2. -

Finding the Kernel from the Matrix of a Linear Transformation

Consider the linear transformation L: R” — R given by L(X) = AX, where A is a
(fixed) m X n matrix and X € R”. Now, ker(L) is the subspace of all vectors X in the
domain R” that are solutions of the homogeneous system AX = O. If B is the reduced
row echelon form matrix for A, we find a basis for ker(L) by solving for particular
solutions to the system BX = O by systematically setting each independent variable
equal to 1 in turn, while setting the others equal to 0. (You should be familiar with
this process from the Diagonalization Method for finding fundamental eigenvectors
in Section 3.4.) Thus, dim(ker(L)) equals the number of independent variables in the
system BX = O.
We present an example of this technique.

[
Example 4
Let I: R> — R* be given by L(X) = AX, where

8 4 16 32 0
4 2 10 22 —4
-2 -1 -5 -11 7
6 3 15 33 =7
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To solve for ker(L), we first row reduce A to

S o o =

S O O NI=

S O = O
(S8

S = O O

The homogeneous system BX = O has independent variables x2 and x4, and

1

X1 = T3X2 + 2xy4
X3 = - 3x4.
x5 = 0

We construct two particular solutions, first by setting x2 =1 and x4 =0 to obtain vy =
[—%,1,0,0,0], and then setting x» =0 and x4 =1, yielding v2 =[2,0,—3,1,0]. The set
{v1,v2} forms a basis for ker(L), and thus, dim(ker(L)) = 2, the number of independent vari-
ables. The entire subspace ker(L) consists of all linear combinations of the basis vectors;
that is,

1
ker(L) = {avy + bv2|a,b e R} = { [—Ea + 2b,a,—3b,b,0]

a,beR}.

Finally, note that we could have eliminated fractions in this basis, just as we did with
fundamental eigenvectors in Section 3.4, by replacing vy with 2vy = [—1,2,0,0,0]. -

Example 4 illustrates the following general technique:

Method for Finding a Basis for the Kernel of a Linear Transformation (Kernel Method)
Let Z: R” — R™ be a linear transformation given by L(X) = AX for some m X n matrix A.
To find a basis for ker(L), perform the following steps:

Step 1: Find B, the reduced row echelon form of A.

Step 2: Solve for one particular solution for each independent variable in the homogeneous
system BX = O. The ith such solution, v;, is found by setting the th independent
variable equal to 1 and setting all other independent variables equal to 0.

Step 3: The set {vy,..., vz} is a basis for ker(L). (We can replace any v; with cv;, where
¢ # 0, to eliminate fractions.)
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The method for finding a basis for ker(L) is practically identical to Step 3 of the
Diagonalization Method of Section 3.4, in which we create a basis of fundamental
eigenvectors for the eigenspace E) for a matrix A. This is to be expected, since E) is
really the kernel of the linear transformation L whose matrix is (AL, — A).

Finding the Range from the Matrix of a Linear Transformation

Next, we determine a method for finding a basis for the range of L: R” — R given by
L(X) = AX. In Section 1.5, we saw that AX can be expressed as a linear combination
of the columns of A. In particular, if X = [xq,...x,], then AX = x; (1st column of A)
+ .-+ + x5, (nth column of A). Thus, range(L) is spanned by the set of columns of A;
that is, range(L) = span({columns of A}). Note that L(e;) equals the 7th column of A.
Thus, we can also say that {L(ey),...,L(e;)} spans range(L).

The fact that the columns of A span range(L) combined with the Independence
Test Method yields the following general technique for finding a basis for the range:

Method for Finding a Basis for the Range of a Linear Transformation (Range Method)
Let Z: R” — R™ be a linear transformation given by L(X) = AX, for some 72 X n matrix A.
To find a basis for range(Z), perform the following steps:

Step 1: Find B, the reduced row echelon form of A.

Step 2: Form the set of those columns of A whose corresponding columns in B have nonzero
pivots. This set is a basis for range(Z).

|
Example 5

Consider the linear transformation I: R> — R4 given in Example 4. After row reducing the matrix
A for L, we obtained a matrix B in reduced row echelon form having nonzero pivots in columns
1,3, and 5. Hence, columns 1, 3, and 5 of A form a basis for range(L). In particular, we get the
basis {[8,4, —2,6], [16,10,—5,15], [0, —4,7,—7]}, and so dim(range(L)) = 3. =

From Examples 4 and 5, we see that dim(ker(Z)) + dim(range(L)) =2+3=5=
dim(R’) = dim(domain(L)), for the given linear transformation L. We can understand
why this works by examining our methods for calculating bases for the kernel and
range. For ker(L), we get one basis vector for each independent variable, which corre-
sponds to a nonpivot column of A after row reducing. For range(L), we get one basis
vector for each pivot column of A. Together, these account for the total number of
columns of A, which is the dimension of the domain.

The fact that the number of nonzero pivots of A equals the number of nonzero rows
in the reduced row echelon form matrix for A shows that dim(range(L)) = rank (A).
This result is stated in the following theorem, which also holds when bases other than
the standard bases are used (see Exercise 17).
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Theorem 5.9 If L: R” — R™ is a linear transformation with matrix A with respect to any
bases for R” and R™, then

(1) dim(range(L)) = rank (A)
(2) dim(ker(L)) = n — rank (A)
(3) dim(ker(Z)) + dim(range(L)) = dim(domain(ZL)) = n.

The Dimension Theorem

The result in part (3) of Theorem 5.9 generalizes to linear transformations between any
vector spaces V and W, as long as the dimension of the domain is finite. We state this
important theorem here,but postpone its proof until after a discussion of isomorphism
in Section 5.5. An alternate proof of the Dimension Theorem that does not involve the
matrix of the linear transformation is outlined in Exercise 18 of this section.

Theorem 5.10 (Dimension Theorem) If Z: YV — W is a linear transformation and V is
finite dimensional, then range (L) is finite dimensional, and

dim(ker(Z)) + dim(range(L)) = dim(V).

We have already seen that for the linear transformation in Examples 4 and 5, the
dimensions of the kernel and the range add up to the dimension of the domain, as
the Dimension Theorem asserts. Notice the Dimension Theorem holds for the linear
transformations in Examples 1 through 3 as well.

L
Example 6

Consider L: My, — Moy given by L(A) = A + AT Now, ker(Z) = {A € Myun|A +AT =0,).
However, A + AT = 0,, implies that A = —A”". Hence, ker(L) is precisely the set of all skew-
symmetric n X n matrices.

The range of L is the set of all matrices B of the form A + AT for some n X n matrix A.
However, if B=A +A”, then B = (A+AT)T =AT +A =B, so B is symmetric. Thus,
range(L) C {symmetric n X n matrices}.

Next, if B is a symmetric 7 X n matrix, then L(1B) = 1z(B) = 1B +B") = 1B+ B) = B,
and so B € range(Z), thus proving {symmetric n X n matrices} C range(L). Hence, range(L) is
the set of all symmetric n X n matrices.

In Exercise 12 of Section 4.6, we found that dim({skew-symmetric n X n matrices}) =
n? - n)/2 and that dim({symmetric n X n matrices}) = (n2 + n) /2. Notice that the Dimension
Theorem holds here, since dim(ker(L)) + dim(range(L)) = (n* —n)/2 + (n® + n) /2 = n? =
dim (My,). =
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Rank of the Transpose

We can use the Range Method to prove the following result:

Corollary 5.11 If A is any matrix, then rank(A) = rank(AT).

Proof. Let A be an m X n matrix. Consider the linear transformation L: R” — R with

associated matrix A (using the standard bases). By the Range Method, range(L) is the

span of the column vectors of A. Hence, range(L) is the span of the row vectors of AT,

that is, range(Z) is the row space of AT. Thus, dim(range(L)) = rank(A”), by the Sim-

plified Span Method. But by Theorem 5.9, dim(range(L)) = rank(A). Hence, rank(A) =

rank(AT). O
L

Example 7

Let A be the matrix from Examples 4 and 5. We calculated its reduced row echelon form B in
Example 4 and found it has three nonzero rows. Hence, rank(A) = 3. Now,

"N

N
|

-

W

AT=116 10 -5 15 row reduces to
32 22 —11 33

S o O O =

S o o = O

S o = O O
|

o O VIR ©

showing that rank(AT) = 3 as well. -

In some textbooks, rank(A) is called the row rank of A and rank(AT) is called
the column rank of A. Thus, Corollary 5.11 asserts that the row rank of A equals the
column rank of A.

Recall that rank(A)= dim(row space of A). Analogous to the concept of row
space, we define the column space of a matrix A as the span of the columns of A.
In Corollary 5.11, we observed that if L: R” — R with L(X) = AX (using the stan-
dard bases), then range(L) = span({columns of A}) = column space of A, and so
dim(range(l)) = dim(column space of A) = rank(AT). With this new terminology,
Corollary 5.11 asserts that dim(row space of A) = dim(column space of A). Be careful!
This statement does not imply that these spaces are equal, only that their dimensions
are equal. In fact,unless A is square, they contain vectors of different sizes. Notice that
for the matrix A in Example 7, the row space of A is a subspace of R>, but the column
space of A is a subspace of R*.

2 In Exercise 18 of Section 4.6, you were asked to prove Corollary 5.11 by essentially the same method
given here, only using different notation.
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New Vocahulary

column rank (of a matrix) Kernel Method

column space (of a matrix) range (of a linear transformation)

Dimension Theorem Range Method

kernel (of a linear transformation) row rank (of a matrix)
Highlights

m The kernel of a linear transformation consists of all vectors of the domain that
map to the zero vector of the codomain. The kernel is always a subspace of the
domain.

m The range of a linear transformation consists of all vectors of the codomain that
are images of vectors in the domain. The range is always a subspace of the
codomain.

m If A is the matrix (with respect to any bases) for a linear transformation L: R” —
R™ then dim(ker(L)) = n — rank (A) and dim(range(L)) = rank (A).

m Kernel Method: A basis for the kernel of a linear transformation L(X) = AX is
obtained from the solution set of BX = O by letting each independent variable
in turn equal 1 and all other independent variables equal 0, where B is the
reduced row echelon form of A.

m Range Method: A basis for the range of a linear transformation L(X) = AX is
obtained by selecting the columns of A corresponding to pivot columns in the
reduced row echelon form matrix B for A.

m Dimension Theorem: If L: V — W is a linear transformation and ) is finite
dimensional, then dim(ker(Z)) + dim(range(L)) = dim(}).

m The rank of any matrix (= row rank) is equal to the rank of its transpose
(= column rank).

EXERCISES FOR SECTION 5.3

1. Let L: R3 — R3 be given by

X1 5 1 -1 X1
Ll |x =1|-3 0 1]]x2
X3 1 -1 —1]|xs

*(a) Is [1,—2,3] in ker(L)? Why or why not?
(b) Is [2,—1,4] in ker(L)? Why or why not?
*(c) Is [2,—1,4] in range(L)? Why or why not?
(@ Is[—16,12,—8] in range(L)? Why or why not?
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2. Let L: P;— P; be given by L(ax? + bx? + cx +d) = 2cx?> + (a+b)x + (d +¢).
*(a) Isx3 —5x%+3x —6in ker(L)? Why or why not?
(b) Is 4x3 — 4x? in ker(L)? Why or why not?
*(c) Is 8x3 —x — 1 in range(L)? Why or why not?
(d) Is 4x3 — 3x% + 7 in range(L)? Why or why not?
3. For each of the following linear transformations L:V — W, find a basis for ker (L)
and a basis for range(L). Verify that dim(ker(Z)) + dim(range(L)) = dim(}).
*(a) L:R3 — R3 given by

X1 1 -1 5 X1
Ll |[x2 =|-2 3 —13 ||
X3 3 _3 15 X3
) L:R3 — R* given by
4 -2 8
X 7 1 5™
2= -2 -1 o™
= 3 —2 7|L%
© L:R3 - R2 given by
" 3 2 11]|™
L X2 = 2 1 8 X2
X3 X3
*(d) L:R* — R> given by
N -4 -8 10 2|
xl -4 -1 1 -2 xl
Ll (2] =] 6 2 12 -10]|”°
) 3 -7 —24 17|77
x4 X4

4 2 2 0

4. For each of the following linear transformations L:V — W, find a basis for ker (L)
and a basis for range(L), and verify that dim(ker(L)) + dim(range(L)) = dim(V):

*(a) L:R> — R? given by L([x1,x2,%3]) = [0,x2]
(b) L:R? — R3 given by L([x1,x2]) = [x1, x1 + X2, x2]



*G.

*8.

*10.

11.

*12.

13.

5.3 The Dimension Theorem

u a 0 —dai2
(©) L: My, — Ms, given by L <|: 1 12]) = | —an 0
az axn 0 0
*(d) L: Pz — P> given by L(ax* + bx® + cx? +dx +e) = cx? +dx + e
(e) L:P> — Ps given by L(ax?® + bx + ¢) = cx? + bx? + ax
*(®) L:R? — R? given by L([x1,x2,x3]) = [x1, 0, x1 — X2 + &3]
*(g) L: Mas — Mo given by L(A) = AT
(h) L: M33 — M3z given by L(A) = A — AT
*@) L:P; — R? given by L(p) = [p(1),p’' (1)]
() L:P4 — R3 given by L(p) = [p(—1),p(0),p(1)]

(a) Suppose that L: V — W is the linear transformation given by L(v) = Oy,
for all v € V. What is ker(L)? What is range(L)?

(b) Suppose that L: V — V is the linear transformation given by L(v) = v, for
all v € V. What is ker(Z)? What is range(L)?

Consider the mapping L: M33 — R given by L(A) = trace(A) (see Exercise 14
in Section 1.4). Show that L is a linear transformation. What is ker(Z)? What is
range(L)? Calculate dim(ker(Z)) and dim(range(ZL)).

Let V be a vector space with fixed basis B = {vy,...,v,}. Define L: YV — V by
L(vy) = vy, L(V2) =V3,..., L(V,—1) =V, L(v;) = v;. Find range(L). What is
ker(L)?

Consider L: P, — P4 given by L(p) = x*p. What is ker(L)? What is range(L)?
Verify that dim(ker(Z)) + dim(range(L)) = dim(P>).

Consider L: P; — P, given by L(p) = p”. What is ker(L)? What is range(L)?
Verify that dim(ker(Z)) + dim(range(L)) = dim(P; ).

Consider L: P, — P, given by L(p) = p® (the kth derivative of p), where
k=n. What is dim(ker(L))? What is dim(range(L))? What happens when
k> n?

Let a be a fixed real number. Consider L: P,, — R given by L(p(x)) = p(a) (that
is, the evaluation of p at x = a). (Recall from Exercise 18 in Section 5.1 that L
is a linear transformation.) Show that {x —a, x* —a?,..., x" — a"} is a basis

for ker(Z). (Hint: What is range(L)?)

Suppose that L: R” — R” is a linear operator given by L(X) = AX, where
|A| # 0. What is ker(Z)? What is range(L)?

Let V be a finite dimensional vector space,and let L:VV — ) be a linear operator.
Show that ker(L) = {0y} if and only if range(L) = V.
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14.

15.

*16.
17.

18.

Let L:V — W be a linear transformation. Prove directly that ker (L) is a subspace
of V and that range(L) is a subspace of W using Theorem 4.2, that is, without
invoking Theorem 5.8.

Let L1:V — W and L;: YV — X be linear transformations.

(a) Show that ker(Z;) C ker(Lz o Ly).

(b) Show that range(L; o L) C range(L>).

(o) If Vis finite dimensional, prove that dim(range(L; o L1)) = dim(range(Ly)).

Give an example of a linear operator L: R? — R? such that ker(Z) = range(L).

Let L: R” — R™ be a linear transformation with m X n matrix A for L with
respect to the standard bases and m X n matrix B for L with respect to bases
B and C.

(a) Prove that rank(A) = rank(B). (Hint: Use Exercise 16 in the Review
Exercises of Chapter 2.)

(b) Use part (a) to finish the proof of Theorem 5.9. (Hint: Notice that Theo-
rem 5.9 allows any bases to be used for R” and R™”. You can assume, from
the remarks beforeTheorem 5.9,that the theorem is true when the standard
bases are used for R” and R™.)

This exercise outlines an alternate proof of the DimensionTheorem. Let L: ) —
W be a linear transformation with V finite dimensional. Figure 5.10 illustrates
the relationships among the vectors referenced throughout this exercise.

(@) Let{ky,..., Kk} beabasis forker(L). Show that there exist vectors qy,...,q;
such that {ky,...,Kks,qi,...,q;} is a basis for V. Express dim(}) in terms of
sand z.

FIGURE 5.10

Images of basis elements in Exercise 18



19.

*20.
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(b) Use part (a) to show that for every v € V, there exist scalars by, ...,b; such
that L(v) = b1 L(qq) + --- + b L(qy).-

(c) Use part (b) to show that {L(qy),...,L(q,)} spans range(L). Conclude that
dim(range(L)) = t,and, hence, is finite.

(d) Suppose that c;L(qq) + --- + ¢;L(q;) = Oyy. Prove that c;q; + -+ + ¢q; €
ker(L).

(e) Use part (d) to show that there are scalars dy,...,ds such thatc;q; + --- +
tht = dlkl + ...+ dsks.

(f) Use part (e) and the fact that {ky,...,Kks,q1,...,q;} is a basis for ) to prove
thatc; =c=---=¢ =dy=---=ds=0.

(g) Use parts (d) and (f) to conclude that {L(q,),...,L(q,)} is linearly indepen-
dent.

(h) Use parts (¢) and (g) to prove that {L(qy),...,L(q,)} is a basis for range(L).
(i) Conclude that dim(ker (L)) + dim(range(L)) = dim (V).

Prove the following corollary of the Dimension Theorem: Let L: YV — W be a
linear transformation with V finite dimensional. Then dim (ker (L)) = dim()’) and
dim(range(L)) = dim(V).

True or False:
(@) IfL: ¥V — W is a linear transformation, then ker(L) = {L(v) |v € V}.
(b) If L: V — W is a linear transformation, then range(L) is a subspace of V.

(o) IfL: V — W is alinear transformation and dim()) = n,then dim(ker(L)) =
n — dim(range(L)).

(@ If L: V — W is a linear transformation and dim(V) = 5 and dim(W) = 3,
then the Dimension Theorem implies that dim(ker(Z)) = 2.

(e) If L: R” — R™ is a linear transformation and L(X) = AX, then dim(ker(L))
equals the number of nonpivot columns in the reduced row echelon form
matrix for A.

@® If L: R - R™ is a linear transformation and L(X) = AX, then
dim(range(L)) = n — rank(A).

(®) IfAisa5 X5 matrix,and rank (A) = 2, then rank (A7) = 3.

(h) If A is any matrix, then the row space of A equals the column space of A.
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5.4 ONE-TO-ONE AND ONTO LINEAR TRANSFORMATIONS

The kernel and the range of a linear transformation are related to the function proper-
ties one-to-one and onto. Consequently, in this section we study linear transformations
that are one-to-one or onto.

One-to-One and Onto Linear Transformations

One-to-one functions and onto functions are defined and discussed in Appendix B. In
particular, Appendix B contains the usual methods for proving that a given function
is, or is not, one-to-one or onto. Now, we are interested primarily in linear transforma-
tions, so we restate the definitions of one-to-one and onto specifically as they apply
to this type of function.

Definition Let Z: V — W be a linear transformation.

(1) Lis one-to-one if and only if distinct vectors in V) have different images in
W. That is, L is one-to-one if and only if, for all vi,v, € V, L(vy) = L(v3)
implies vi = vy.

(2) L is onto if and only if every vector in the codomain W is the image of

some vector in the domain V. That is, L is onto if and only if, for every
w € W, there is some v € V such that L(v) = w.

Notice that the two descriptions of a one-to-one linear transformation given in this
definition are really contrapositives of each other.

Example 1
Rotation: Recall the rotation linear operator Z: RZ — R2 from Example 9 in Section 5.1 given by
cosf —sinf

L(v) = Av,where A = | .
sin 0 cosf

}. We will show that L is both one-to-one and onto.

To show that L is one-to-one, we take any two arbitrary vectors v; and v in the domain R2,
assume that L(vy) = L(v3), and prove that vi = v,. Now, if L(vy) = L(v2), then Av; = Av,.
Because A is nonsingular, we can multiply both sides on the left by A1 to obtain v; = v».
Hence, L is one-to-one.

To show that L is onto, we must take any arbitrary vector w in the codomain R2 and show
that there is some vector v in the domain R? that maps to w. Recall that multiplication by A1
undoes the action of multiplication by A, and so it must represent a clockwise rotation through
the angle 6. Hence, we can find a pre-image for w by rotating it clockwise through the angle 6;
that is, consider v = A~ lw € RZ. When we apply L to v, we rotate it counterclockwise through
the same angle 6: L(v) = A(A~w) = w, thus obtaining the original vector w. Since v is in the
domain and v maps to w under L, L is onto. -
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L
Example 2

Differentiation: Consider the linear transformation L: P3 — P, given by L(p) = p’. We will show
that L is onto but not one-to-one.

To show that L is not one-to-one, we must find two different vectors p1 and p2 in the domain
‘P53 that have the same image. Consider p; =x + 1 and p2 = x + 2. Since L(p1) = L(p2) = 1,
L is not one-to-one.

To show that L is onto, we must take an arbitrary vector q in P2 and find some vector p
in P3 such that L(p) = q. Consider the vector p = [ q(x)dx with zero constant term. Because
L(p) = q, we see that L is onto. =

If in Example 2 we had used P; for the codomain instead of P, the linear trans-
formation would not have been onto because x> would have no pre-image (why?).
This provides an example of a linear transformation that is neither one-to-one nor onto.
Also, Exercise 6 illustrates a linear transformation that is one-to-one but not onto. These
examples, together with Examples 1 and 2, show that the concepts of one-to-one and
onto are independent of each other; that is, there are linear transformations that have
either property with or without the other.

Theorem B.1 in Appendix B shows that the composition of one-to-one linear trans-
formations is one-to-one, and similarly, the composition of onto linear transformations
is onto.

Kernel and Range

The next theorem gives an alternate way of characterizing one-to-one linear transfor-
mations and onto linear transformations.

Theorem 5.12 Let V and W be vector spaces, and let Z: YV — W be a linear trans-
formation. Then:

(1) L is one-to-one if and only if ker(ZL) = {0y} (or, equivalently, if and only if
dim(ker(Z)) = 0), and

(2) If Wiis finite dimensional, then L is onto if and only if dim(range(Z)) = dim(W).

Thus, a linear transformation whose kernel contains a nonzero vector cannot be
one-to-one.

Proof. First suppose that L is one-to-one, and let v € ker(Z). We must show that v = 0y,.
Now, L(v) = 0yy. However, by Theorem 5.1, L(0y) = 0yy. Because L(v) = L(0y) and L is
one-to-one, we must have v = 0y.

Conversely, suppose that ker(Z) = {0y }. We must show that L is one-to-one. Let vy, v, €
V, with L(vy) = L(v3). We must show that v; = v,. Now, L(vy) — L(v2) = 0y, implying
that L(vy —v2) = Oy. Hence, vi — v, € ker(L), by definition of the kernel. Since ker(L) =
{OV},VI —vy =0y and so V] = Va.
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Finally, note that, by definition, L is onto if and only if range(Z) = W, and therefore
part (2) of the theorem follows immediately from Theorem 4.16. O
e
Example 3

Consider the linear transformation I: May — Moz given by L<|:Z 2i|)_

a—>b 0 c—d a b .
f ker(L), th —-b=c—d=c+d=a+b=0.S0l
|:c+d atb 0 :| |:C di| eker(L),thena—b=c—d=c+d =a+b=0.Solving

these equations yields @ = b = ¢ = d = 0, and so ker(L) contains only the zero matrix g g ;

that is, dim(ker(Z)) = 0. Thus, by part (1) of Theorem 5.12, L is one-to-one. However, by the
Dimension Theorem, dim(range(L)) = dim(M22) — dim(ker(L)) = dim(M>32) = 4. Hence, by

part (2) of Theorem 5.12, L is not onto. In particular, (1) g ¢ range(L).
, . a b ¢
On the other hand, consider M: M3 — Moz given by M d e f =
+ +
atb atc . It is easy to see that M is onto, since M 0 b c = b oc , and thus
dte d+f 0 e f e f

every 2 X 2 matrix is in range(M). Thus, by part (2) of Theorem 5.12, dim(range(M)) =
dim(M32) = 4. Then, by the Dimension Theorem, ker(M) = dim(M33) — dim(range(M)) =
6—4=2. Hence, by part (1) of Theorem 5.12, M is not one-to-one. In particular,

1 -1 -1
|:1 - _1i|eker(L). -

Spanning and Linear Independence

The next theorem shows that the one-to-one property is related to linear independence,
while the onto property is related to spanning.

Theorem 5.13 Let V and W be vector spaces, and let Z: V — W be a linear trans-
formation. Then:

(1) If L is one-to-one, and T is a linearly independent subset of V, then L(T) is
linearly independent in W.

(2) If Lis onto, and $ spans V, then L(S) spans W.

Proof. Suppose that L is one-to-one, and T is a linearly independent subset of V. To
prove that L(T) is linearly independent in W, it is enough to show that any finite
subset of L(T) is linearly independent. Suppose {L(x1),...,L(X;)} is a finite subset
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of L(T), for vectors x1,...,x, € T, and suppose biL(xy) + --- + b,L(X;) = 0y. Then,
L(b1x1 + -+ + byXxy,) = Oy, implying that byxy + --- + b,x,, € ker(L). But since L is one-
to-one, Theorem 5.12 tells us that ker(L) = {0y}. Hence, b1x; + --- + b, x,, = 0y. Then,
because the vectors in T are linearly independent, by = b, = --- = b, = 0. Therefore,
{L(x7),...,L(xy,)} is linearly independent. Hence, L(T) is linearly independent.

Now suppose that L is onto, and § spans V. To prove that L(S) spans W, we must
show that any vector w e W can be expressed as a linear combination of vectors in
L(S). Since L is onto, there is a v eV such that L(v) =w. Since § spans V, there
are scalars aq,...,a, and vectors vq,...,v, €8 such that v=ay;vy +--- +a,v,. Thus,
w = L(v) = L(ayvy + - +au,vy,) =a L(vy) +--- +a,L(vy). Hence, L(S) spans W. O

An almost identical proof gives the following useful generalization of part (2) of The-
orem 5.13: For any linear transformation L:V — W, and any subset § of V, L(S) spans
the subspace L(span(S)) of W. In particular, if § spans V, then L(S) spans range(L).
(See Exercise 8.)

L
Example 4

Consider the linear transformation L: P, — P given by L(ax? + bx + ¢) = bx3 + cx? + ax. Itis
easy to see that ker(L) = {0} since L(ax? + bx +¢) = 0x3 + 0xZ + 0x + Oonlyifa=b=c =0,
and so L is one-to-one by Theorem 5.12. Consider the linearly independent set 7' = {x2 + x,
x +1} in P>. Notice that L(T') = {x3 + x, 3 + 12}, and that L(T) is linearly independent, as
predicted by part (1) of Theorem 5.13.

Next, let W = {[x,0,z]} be the xz-plane in R3. Clearly, dim(W) = 2. Consider L: R3 — W,
where L is the projection of R3 onto the xz-plane; that is, L([x,y,z]) = [x,0,z]. It is easy to
check that § = {[2, —1,3],[1,—2,0],[4,3,—1]} spans R3 using the Simplified Span Method.
Part (2) of Theorem 5.13 then asserts that L(S) = {[2,0,3],[1,0,0],[4,0, —1]} spans W. In fact,
{12,0,31,[1,0,0]} alone spans W, since dim(span({[2,0,3],[1,0,01})) = 2 = dim(W). -

In Section 5.5, we will consider isomorphisms, which are linear transformations
that are simultaneously one-to-one and onto. We will see that such functions faithfully
carry vector space properties from the domain to the codomain.

New Vocabhulary

one-to-one linear transformation onto linear transformation

Highlights

m A linear transformation is one-to-one if no two distinct vectors of the domain
map to the same image in the codomain.

m A linear transformation L: V — W is one-to-one if and only if ker(Z) = {0y}
(or, equivalently, if and only if dim(ker(L)) = 0).

m If a linear transformation is one-to-one, then the image of every linearly
independent subset of the domain is linearly independent.
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m A linear transformation is onto if every vector in the codomain is the image of
some vector from the domain.

m A linear transformation L: )V — W is onto if and only if range(Z) = W (or, equiv-
alently, if and only if dim(range(Z)) = dim(V) when W is finite dimensional).

m If a linear transformation is onto, then the image of every spanning set for the
domain spans the codomain.

EXERCISES FOR SECTION 5.4

1. Which of the following linear transformations are one-to-one? Which are onto?
Justify your answers without using row reduction.

*(a) L: R3 — R* given by L([x,y,2]) = [,2, —,0]
(b) L: R3 — R? given by L([x,y,z]) = [x + 7,y + 2]
*(c) L: R3 — R3 given by L([x,y,z]) = [2x, x + y + 2, —)]
(@ L: P3 — P, given by Llax3 +bx?>+cx+d) =ax?+bx +c¢
*x(e) L: P, — P given by L(ax?> + bx +¢) = (a+b)x* + (b+c)x + (a+c¢)

) L: My — Mo givenbyL([i bj|> = |:bd b+6}

d —C a

*(g) L: M3 — My, given byL([Z IZ ;]) - I:zﬂe d_-i—cf:|

+ 0

*(h) L: P> — Mo given by Liax? +bx+¢) = |47 €
b—c —3a

2. Which of the following linear transformations are one-to-one? Which are onto?

Justify your answers by using row reduction to determine the dimensions of

the kernel and range.

*(@) L: R? — R given byl([ﬂ) - _g _2} [ﬂ
5 L 2

-3 4
*(b) L: R? — R3 given byL<|:§1}) =|-6 9 |:x1]
2

X1 -7 4 =2 X1
*(c) L: R3 > R3 givenby L| | x,
X3 4 _3 2 X3

I
—
[©)

I
~
\S)
=

(]
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X1 X1
-5 3 1 18
(@ L: R* > R3 given by L ;2 =|-2 11 6 ;2
5 -7 3 4 19||7
X4 X4

In each of the following cases, the matrix for a linear transformation with
respect to some ordered bases for the domain and codomain is given. Which
of these linear transformations are one-to-one? Which are onto? Justify your
answers by using row reduction to determine the dimensions of the kernel and
range.

1 -3 0
*(a) L: P, — P, having matrix | —4 13 -1
8 —25 2

6 -9 2 8
-6 12 4

-3 3 —4 —4
8 -9 9 11

(b) L: My, — M, having matrix

2 3 —1 1

) . . 5 2 —4 7

*(c) L: M7, — P; having matrix L 1 4
-2 19 7 —19

Suppose that m > n.

(a) Show there is no onto linear transformation from R” to R".

(b) Show there is no one-to-one linear transformation from R” to R”.

Let A be a fixed n X n matrix, and consider L: M,,,, - M, given by L(B) =
AB — BA.

(a) Show that L is not one-to-one. (Hint: Consider L(I,,).)

(b) Use part (a) to show that L is not onto.

Define L: Uz — M3z by L(A) = %(A + AT). Prove that L is one-to-one but is
not onto.

Let L: V — W be a linear transformation between vector spaces. Suppose
that for every linearly independent set 7' in V,L(T) is linearly independent
in W. Prove that L is one-to-one. (Hint: Prove ker(L) = {0y} using a proof by
contradiction.)

Let L:V — WV be a linear transformation between vector spaces,and let S be a
subset of V.

(a) Prove that L(S) spans the subspace L(span($)).
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*9,

(b) Show that if § spans V, then L(S) spans range(L).

(c) Show that if L(S) spans W, then L is onto.

True or False:

(a) A linear transformation L:V — )V is one-to-one if for all v{,v, € V,vi = v,
implies L(vy) = L(v3).

(b) A linear transformation L: V — W is onto if for all v € V, there is some
w € W such that L(v) = w.

(c) Alinear transformation L:} — }V is one-to-one if ker (L) contains no vectors
other than 0y.

(d) If Lis alinear transformation and § spans the domain of L, then L(S) spans
the range of L.

(e) Suppose V is a finite dimensional vector space. A linear transformation
L:V — W is not one-to-one if dim(ker(L)) # O.

(f) Suppose W is a finite dimensional vector space. A linear transformation
L:V — W is not onto if dim(range(l)) < dim(W).

(f) If L is a linear transformation and T is a linearly independent subset of the
domain of L, then L(T) is linearly independent.

(g) If L is a linear transformation L: YV — VW, and § is a subset of } such that
L(S) spans W, then § spans V.

9.5

ISOMORPHISM

In this section, we examine methods for determining whether two vector spaces
are equivalent, or isomorphbic. Isomorphism is important because if certain algebraic
results are true in one of two isomorphic vector spaces, corresponding results hold
true in the other as well. It is the concept of isomorphism that has allowed us to apply
our techniques and formal methods to vector spaces other than R”.

Isomorphisms: Invertible Linear Transformations

We restate here the definition from Appendix B for the inverse of a function as it applies
to linear transformations.

Definition Let Z: V — W be a linear transformation. Then L is an invertible
linear transformation if and only if there is a function M: VW — V such that
MoL)(v)=v,forallv e)V,and (LoM)(w) = w, for all w € VV. Such a function
M is called an inverse of L.
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If the inverse M of L:}V — W exists, then it is unique by Theorem B.3 and is usually
denoted by L™L: W — V.

Definition A linear transformation L: )V — }V that is both one-to-one and onto is
called an isomorphism from V to W.

The next result shows that the previous two definitions actually refer to the same
class of linear transformations.

Theorem 5.14 Let L: V — W be a linear transformation. Then L is an isomorphism if
and only if Z is an invertible linear transformation. Moreover, if L is invertible, then £7!
is also a linear transformation.

Notice that Theorem 5.14 also asserts that whenever L is an isomorphism, L~ ! is
an isomorphism as well because L~ ! is an invertible linear transformation (with L as
its inverse).

Proof. The “if and only if” part of Theorem 5.14 follows directly from Theorem B.2. Thus,
we only need to prove the last assertion in Theorem 5.14. That is, suppose L: V — W is
invertible (and thus, an isomorphism) with inverse L~!. We need to prove L~ is a linear
transformation. To do this, we must show both of the following properties hold:

(1) L7Ywy +wy) = LY (wy) + L™ Y (wy), for all wy,wz e W
(2) L™ Ycew) = cL™ Y (w), forall ¢ e R, and for all w e W.
Property (1): Because L is an isomorphism, L is one-to-one. Hence, if we can show that
L(L™ Y (wy + W) = L™ (wy) + L™ (wy)), we will be done. But,
L™ (W) + L7 (w2)) = LI~ (w1) + L™ (w2))
=w; +w;
= L(L™ Y (wy +wy)).

Property (2): Again, because L is an isomorphism, L is one-to-one. Hence, if we can
show that L(L™ Y (cw)) = L(cL™ ' (w)), we will be done. But,

L(CL_I(W)) = CL(L_l(W))
=cw

= L(L" Y(cw)).

Because both properties (1) and (2) hold, Z~! is a linear transformation. O
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L
Example 1

Recall the rotation linear operator L: R2 — R2 with

([2]) ~[ee el ]

given in Example 9 in Section 5.1. In Example 1 in Section 5.4, we proved that L is both one-
to-one and onto. Hence, L is an isomorphism and has an inverse, L~ Because L represents a
counterclockwise rotation of vectors through the angle 6, then L~ must represent a clockwise
rotation through the angle 6, as we saw in Example 1 of Section 5.4. Equivalently, L= can be
thought of as a counterclockwise rotation through the angle —6. Thus,

-1 X _ cos(—0) —sin(—0)||x _ cosf sinf || x
y sin (—60) cos(—6) ||y —sinf cosf ||y |

Of course, L™ ! is also an isomorphism. -

The next theorem gives a simple method for determining whether a linear
transformation between finite dimensional vector spaces is an isomorphism.

Theorem 5.15 Let V and W both be nontrivial finite dimensional vector spaces with
ordered bases B and C, respectively, and let L: V — W be a linear transformation.
Then L is an isomorphism if and only if the matrix representation Ag¢ for L with respect
to B and C is nonsingular.

To prove one half of Theorem 5.15, let Ag¢ be the matrix for L with respect to B
and C, and let D¢ be the matrix for L™ ! with respect to C and B. Theorem 5.7 then
shows that DcgApc = I, with n = dim(V), and AgcD¢p = I, with & = dim(WV). By
Exercise 21 in Section 2.4,n = k,and (Agc) "' = Dc¢p,s0 Apc is nonsingular. The proof
of the converse is straightforward, and you are asked to give the details in Exercise 8.
Notice, in particular, that the matrix for any isomorphism must be a square matrix.

Example 2
Consider L: R3 — R3 given by L(v) = Av, where

»
Il
S O =
S = O
—_—y W

Now, A is nonsingular (JA| = 1 # 0). Hence, by Theorem 5.15, L is an isomorphism. Geometri-
cally, L represents a shear in the z-direction (see Table 5.1). =
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Theorem B.4 in Appendix B shows that the composition of isomorphisms results
in an isomorphism. In particular, the inverse of the composition Lz o L; is Ll_l oLy L
That is, the transformations must be undone in reverse order to arrive at the correct
inverse. (Compare this with part (3) of Theorem 2.11 for matrix multiplication.)

When an isomorphism exists between two vector spaces, properties from the
domain are carried over to the codomain by the isomorphism. In particular, the fol-
lowing theorem, which follows immediately from Theorem 5.13, shows that spanning
sets map to spanning sets, and linearly independent sets map to linearly independent
sets.

Theorem 5.16 Suppose L:V — W is an isomorphism. Let § span V and let T be a
linearly independent subset of V. Then L(S) spans W and L(T) is linearly independent.

Isomorphic Vector Spaces

Definition Let V and W be vector spaces. Then V is isomorphic to W, denoted
VY = W, if and only if there exists an isomorphism L:V — W.

IfV = W, there is some isomorphism L:V — W.Then byTheorem 5.14, L~ ': W — V
is also an isomorphism,so WV = V. Hence, we usually speak of such V and W as being
isomorpbic to each other.

Also notice that if V =)W and W = X, then there are isomorphisms L;:V — W
and I: W — X. But then Ly o Ly: V — X is an isomorphism, and so V = X. In other
words, two vector spaces such as V and & that are both isomorphic to the same vector
space VYV are isomorphic to each other.

L
Example 3

Consider L;: R* — P given by L ([a, b, c,d]) = ax> + bx% + cx + d and Lz: M2 — P5 given

by L (|:Z db} = ax3 + bx? +cx +d. L1 and L, are certainly both isomorphisms. Hence,

R* = P3 and Moz = Ps3. Thus, the composition L, ! o L1: R* — M, is also an isomorphism,
and so R = My,. Notice that all of these vector spaces have dimension 4. =

Next, we show that finite dimensional vector spaces )V and VW must have the same
dimension for an isomorphism to exist between them.

Theorem 5.17 Suppose V =W and V is finite dimensional. Then W is finite dimen-
sional and dim(V) = dim(W).
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Proof. Since V =W, there is an isomorphism L: ¥V — W. Let dim(V) = n, and let B =
{v1,...,v,} be a basis for V. By Theorem 5.16, L(B) = {L(vy),...,L(v,)} both spans W
and is linearly independent, and so must be a basis for W. Also, because L is a one-to-one
function, |L(B)| = |B| = n. Therefore, dim(V) = dim(W). O

Theorem 5.17 implies that there is no possible isomorphism from, say, R> to Py
or from M, to R3 because the dimensions of the spaces do not agree. Notice that
Theorem 5.17 gives another confirmation of the fact that any matrix for an isomor-
phism must be square.

Isomorphism of z-Dimensional Vector Spaces

Example 3 hints that any two finite dimensional vector spaces of the same dimension
are isomorphic. This result, which is one of the most important in all linear algebra, is
a corollary of the next theorem.

Theorem 5.18 If V is any n-dimensional vector space, then YV = R”.

Proof. Suppose that V is a vector space with dim(V) = n. If we can find an isomorphism
L: YV — R"” then VY = R”, and we will be done. Let B = (vq,...,v,) be an ordered basis
for V. Consider the mapping L(v) = [v]g, for all v € V. Now, L is a linear transformation by
Example 4 in Section 5.1. Also,

veker(l) & [vlg=1[0,...,0] & v=0v; +.--+0v,, & v=0.

Hence, ker(L) = {0y}, and L is one-to-one.
If a=l[ay,...,a,] €eR”, then L(ayvy +---+a,vy,) = lay,...,a,], showing that a €
range (). Hence, L is onto, and so L is an isomorphism. O

In particular, Theorem 5.18 tells us that P,, = R”*1 and that M,,,, = R™". Also,
the proof of Theorem 5.18 illustrates that coordinatization of vectors in an n-
dimensional vector space V automatically gives an isomorphism of V with R”.

By the remarks before Example 3, Theorem 5.18 implies the following converse of
Theorem 5.17:

Corollary 5.19 Any two n-dimensional vector spaces V and W are isomorphic. That
is, if dim(V) = dim(W), then V = W.

For example, suppose that V and W are both vector spaces with dim(V) =
dim(W) = 47.Then by Corollary 5.19,V = W, and by Theorem 5.18,V = W = R%7.
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Isomorphism and the Methods

We now have the means to justify the use of the Simplified Span Method and the
Independence Test Method on vector spaces other than R”. Suppose V = R”. By
using the coordinatization isomorphism or its inverse as the linear transformation L in
Theorem 5.16, we see that spanning sets in } are mapped to spanning sets in R”, and
vice versa. Similarly, linearly independent sets in )V are mapped to linearly independent
sets in R, and vice versa. This is illustrated in the following example.

e
Example 4

Consider the subset S={x3 —2x2+x—2 a3 +a2+x+1, 43 —5x2 +x—5, x5 — x2
—x + 1} of P3. We use the coordinatization isomorphism L: Pz — R* with respect to the stan-
dard basis of P3 to obtain L(S) ={[1, —2,1, —2],[1,1,1,1],[1, —5,1, =5],[1, =1, —1, 1]}, a
subset of R4 corresponding to . Row reducing

1 -2 1 -2 1 0 O 1
1 1 1 )

to obtain 0o 10 !
1 -5 - 0O 0 1 -1
1 -1 -1 1 0O 0 O 0

shows, by the Simplified Span Method, that span({[1,-2,1,-2],[1,1,1,1],[1,—5,1,—5],

[1,-1,—1,1]}) = span({[1,0,0,1], [0,1,0,1], [0,0,1,—1]}). Since L™1 is an isomorphism,

Theorem 5.16 shows that £71({[1,0,0,11,[0,1,0,1],[0,0,1,—1]}) = {x3> + 1, 2+ 1, x — 1}

spans the same subspace of P that § does. That is, span({x3 + 1, x% + 1, x — 1}) = span(s).
Similarly, row reducing

1 1 1 1 1 0 0

-2 1 - -1 ) 0O 1 -1 O
> to obtain

1 1 1 -1 0 0 1

-2 1 -5 1 0 0 0 0

shows, by the Independence Test Method, that {[1,-2,1,—2],[1,1,1,1],[1,—1,—1,1]} is a
linearly independent subset of R%, and that [1,-5,1,—-5]=2[1,—-2,1,—2] —[1,1,1,1] +
0[1,—1,—1,1]. Since L™ ! is an isomorphism, Theorem 5.16 shows us thatL_l({[l, -2,1,-2],
(1,1,1,11,[1,-1,-1,1]}) = {ad =26 +x = 2,23 +x? +x + L,a® —x? —x + 1} is a linearly
independent subset of P3. The fact that Z=1 is a linear transformation also assures us
thatx® —5x% +x —5=2(x3 —2x? +x = 2) (x> +a? +x + 1)+ 0 (x> —ax? —x + 1), -

In addition to preserving dimension, spanning, and linear independence, isomor-
phisms keep intact most other properties of vector spaces and the linear transforma-
tions between them. In particular, the next theorem shows that when we coordinatize
the domain and codomain of a linear transformation, the kernel and the range are
preserved.
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Theorem 5.20 Let Z: YV — W be a linear transformation between nontrivial finite
dimensional vector spaces, and let L1: V — R” and L,: YW — R™ be coordinatization
isomorphisms with respect to some ordered bases B and € for ¥V and W, respectively.
LetM = LyoLoL': R" — R™, so that M([v]g) = [L(v)]¢c. Then,

(1) L' (ker (M)) =ker(L) CV,

(2) L' (range(M)) = range (L) C W,
(3) dim(ker (M)) = dim(ker (L)), and
(4) dim(range(M)) = dim(range (L)).

Figure 5.11 illustrates the situation in Theorem 5.20. The linear transformation M
in Theorem 5.20 is merely an “R” — R"™” version of L, using coordinatized vectors
instead of the actual vectors in V and V. Because L;l and L, 1 are isomorphisms,
parts (1) and (2) of the theorem show that the subspace ker(L) of V is isomorphic to
the subspace ker (M) of R”,and that the subspace range(L) of W is isomorphic to the
subspace range(M) of R”. Parts (3) and (4) of the theorem follow directly from parts
(1) and (2) because isomorphic finite dimensional vector spaces must have the same
dimension. You are asked to prove a more general version of Theorem 5.20 as well as
other related statements in Exercises 17 and 18.

The importance of Theorem 5.20 is that it justifies our use of the Kernel Method
and the Range Method of Section 5.3 when vector spaces other than R” are involved.
Suppose that we want to find ker(L) and range(L) for a given linear transformation L:
VY — W.We begin by coordinatizing the domain V and codomain V using coordinati-
zation isomorphisms L; and L; as in Theorem 5.20. (For simplicity, we can assume
B and C are the standard bases for V and W, respectively.) The mapping M cre-
ated in Theorem 5.20 is thus an equivalent “R” — R”” version of L. By applying
the Kernel and Range Methods to M, we can find bases for ker(M) and range(M).

RNMN—mM————————» Rm

FIGURE 5.11
The linear transformations L and M and the isomorphisms Ly and L, in Theorem 5.20




5.5 Isomorphism

However, parts (1) and (2) of the theorem assure us that ker(L) is isomorphic to
ker (M), and, similarly, that range(L) is isomorphic to range(M). Therefore, by revers-
ing the coordinatizations, we can find bases for ker(Z) and range(L). In fact, this is
exactly the approach that was used without justification in Section 5.3 to determine
bases for the kernel and range for linear transformations involving vector spaces other
than R”.

Proving the Dimension Theorem Using Isomorphism

Recall the Dimension Theorem:

(Dimension Theorem) If Z: V — W is a linear transformation and V is finite dimensional,
then range(Z) is finite dimensional, and

dim(ker(Z)) + dim(range(L)) = dim(V).

In Section 5.3, we stated the Dimension Theorem in its full generality, but only
proved it for linear transformations from R” to R””. We now supply the general proof,
assuming that the special case for linear transformations from R” to R has already
been proved.

Proof. The theorem is obviously true if V is the trivial vector space. Suppose B is a finite,
nonempty ordered basis for V. Then, by the comments directly after Theorem 5.13 regarding
spanning sets and range, range(Z) is spanned by the finite set L(B), and so range(L) is finite
dimensional. Since L does not interact at all with the vectors in W outside range(L), we can
consider adjusting L so that its codomain is just the subspace range(L) of W. That is,
without loss of generality, we can let W = range(ZL). Hence, we can assume that W is finite
dimensional.

Let L1:V — R” and L,:W — R™ be coordinatization transformations with respect to
some ordered bases for V and W, respectively. Applying the special case of the Dimension
Theorem to the linear transformation L, o L oL{lzR” — R™, we get

dim(V) = n = dim(R") = dim(domain(Lz o Lo L "))

= dim(ker (Lz oL oLl_l)) + dim(range (L2 oL oLl_l))
= dim(ker(L)) + dim(range(L)), by parts (3) and (4) of Theorem 5.20.

Suppose that V and W are finite dimensional vector spaces and L:V — W is alinear
transformation. If dim (V) = dim()V), the next result, which requires the full generality
of the Dimension Theorem, asserts that we need only check that L is either one-to-one
or onto to know that L has the other property as well.
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Corollary 5.21 Let V and W be finite dimensional vector spaces with dim(V) =
dim(W). Let L: YV — W be a linear transformation. Then L is one-to-one if and only if
L is onto.
Proof. Let V and W be finite dimensional vector spaces with dim(V) = dim(W), and let
L: YV — W be a linear transformation. Then
Lisone-to-one <« dim(ker(L)) =0 by Theorem 5.12
& dim(V) = dim(range(L)) by the Dimension Theorem
& dim(W) = dim(range(L)) because dim(V) = dim(WV)
& Lisonto. by Theorem 4.16 0
|

Example 5
Consider L: P> — R3 given by L(p) = [p(0), p(1), p(2)]. Now, dim(P2) = dim(R3) = 3. Hence,
by Corollary 5.21, if L is either one-to-one or onto, it has the other property as well.

We will show that L is one-to-one using Theorem 5.12. If p eker(L), then L(p) = 0, and
so p(0) = p(1) = p(2) = 0. Hence, p is a polynomial of degree = 2 touching the x-axis at
x =0,x =1, and x = 2. Since the graph of p must be either a parabola or a line, it cannot
touch the x-axis at three distinct points unless its graph is the line y = 0. That is, p = 0 in P5.
Therefore, ker(L) = {0}, and L is one-to-one.

Now, by Corollary 5.21, L is onto. Thus, given any 3-vector [a,b,c], there is some
p € P2 such that p(0) = a, p(1) = b, and p(2) = ¢. (This example is generalized further in
Exercise 21.) =

So far, we have proved many important results concerning the concepts of one-
to-one, onto, and isomorphism. For convenience, these and other useful properties
from the exercises are summarized in Table 5.2.

New Vocahulary

inverse of a linear transformation isomorphic vector spaces
invertible linear transformation isomorphism
Highlights

m A linear transformation L:V — WV is invertible if and only if there is a function
M:W — V such that Lo M and M o L are the identity linear operators on VY and
V, respectively.

m Ifalinear transformation has an inverse, its inverse is also a linear transformation.

m An isomorphism is a linear transformation that is both one-to-one and onto.
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Table 5.2 Conditions on linear transformations that are one-to-one, onto, or

isomorphisms

Let L: V — W be a linear transformation, and let B be a basis for V.

L is one-to-one

< ker(L) = {0y}

< dim(ker(L)) =0

< the image of every linearly
independent setin V' is

Theorem 5.12
Theorem 5.12

Theorem 5.13
and Exercise 7

linearly independent in W in Section 5.4
L is onto
< range(l) =W Definition
& dim(range(L)) = dim(WV) Theorem 4.16*
< the image of every spanning set Theorem 5.13

for V is a spanning set for W

& the image of some spanning set Exercise 8 in
for V is a spanning set for W Section 5.4
L is an isomorphism
< L is both one-to-one and onto Definition

& Lis invertible (that is,
L™ W — V exists)

& the matrix for L (with respect to
every pair of ordered bases for
V and W) is nonsingular

& the matrix for L (with respect to
some pair of ordered bases
for V and W) is nonsingular

< the images of vectors in B are distinct
and L(B) is a basis for W

& Lis one-to-one and dim(V) = dim(WW)
& Lisonto and dim(V) = dim(W)

Theorem 5.14

Theorem 5.15*

Theorem 5.15*

Exercise 14

Corollary 5.21*
Corollary 5.21*

Furthermore, if L: YV — W is an isomorphism, then

(1) dim(V) = dim(W)
(2) L7 is an isomorphism from W to V
(3) for any subspace ) of V,

dim(Y) = dim(L(}))

Theorem 5.17*
Theorem 5.14
Exercise 16*

*True only in the finite dimensional case
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m A linear transformation is an isomorphism if and only if it is an invertible linear

transformation.

m A linear transformation (involving nontrivial finite dimensional vector spaces)

is an isomorphism if and only if the matrix for the linear transformation (with
respect to any ordered bases) is nonsingular.

Under an isomorphism, the image of every linearly independent subset of the
domain is linearly independent.

Under an isomorphism, the image of every spanning set for the domain spans
the codomain.

Under an isomorphism, the dimension of every subspace of the domain is equal
to the dimension of its image.

If two vector spaces V and VYV have the same (finite) dimension, a linear
transformation L: V — W is one-to-one if and only if it is onto.

Finite-dimensional vector spaces are isomorphic if and only if they have the same
dimension.

m All n-dimensional vector spaces are isomorphic to R” (and to each other).

m The Simplified Span Method and the Independence Test Method can be justified

for sets of vectors in any finite dimensional vector space V by applying a coor-
dinatization isomorphism from V to R”. Similarly, the Kernel Method and the
Range Method can be justified for any linear transformation L: V — W where V
is finite dimensional by applying coordinatization isomorphisms between V and
R” and between W and R™.

EXERCISES FOR SECTION 5.5

1.

Each part of this exercise gives matrices for linear operators L; and L, on R3
with respect to the standard basis. For each part, do the following:

(i) Show that L; and L, are isomorphisms.
Gi) Find L;!and L;!.
(iii) Calculate L o Ly directly.
(iv) Calculate (I o L1) ! by inverting the appropriate matrix.
(v) Calculate L;l oLy ! directly from your answer to (ii) and verify that the
answer agrees with the result you obtained in (iv).
0o -2 1 1 0 0
*(a) Li: |0 —1 O, Lx|—2 01
1 0 0 0O =3 O
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—4 0 1 0o 3 -1
®) I;: 1 0|, Ix|1 o0 0
1 0 0 -2 1]
-9 2 1 —4 2 17
*x@©) Li:| -6 1 1|, I»;|-3 1 0
| 5 0 -2 -5 2 1

Show that L: M,,,,, — M, given by L(A) = AT isan isomorphism.

Let A be a fixed nonsingular 7z X 7 matrix.

(a) Show that L;: M,,,, - M, given by L; (B) = AB is an isomorphism. (Hint:
Be sure to show first that Z; is a linear operator.)

(b) Show that Ly: M,,,, — M, given by L>(B) = ABA™! is an isomorphism.

Show that L: P,, — P, given by L(p) = p + p’ is an isomorphism. (Hint: First
show that L is a linear operator.)

Let R: R? — R? be the operator that reflects a vector through the line y = x;
that is, R([a,b]) = [b,al].
*(a) Find the matrix for R with respect to the standard basis for R?.

(b) Show that R is an isomorphism.

() Provethat R™1 =R using the matrix from part (a).

(d) Give a geometric explanation for the result in part (c).
Prove that the change of basis process is essentially an isomorphism;that is, if B
and C are two different finite bases for a vector space V,with dim()) = n,then

the mapping L: R” — R” given by L([v]g) = [V]¢ is an isomorphism. (Hint:
First show that L is a linear operator.)

Let V, W, and X be vector spaces. Let L1: YV — VW and L,: V — W be linear
transformations. Let M: )V — & be an isomorphism. If M oLy = M o L, show
that L1 = L,.

Prove Theorem 5.15.

(a2) Explain why M, = M.
b) Explain Why P4n+3 = M4,n+1~

(o) Explain why the subspace of upper triangular matrices in M,,;, is isomor-
phic to R*"*1/2 [s the subspace still isomorphic to R*"*D/2 if ypper is
replaced by lower?

Let V be a vector space. Show that a linear operator L:} — ) is an isomorphism
if and only if L o L is an isomorphism.
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11.

12.

*13.

14.

15.

»16.

17.

Let V be a nontrivial vector space. Suppose that L:} — ) is a linear operator.

(a) If Lo L is the zero transformation, show that L is not an isomorphism.

(b) If LoL = L and L is not the identity transformation, show that L is not an
isomorphism.

Let L:R” — R” be a linear operator with matrix A (using the standard basis for
R™). Prove that L is an isomorphism if and only if the columns of A are linearly
independent.

(a) Suppose that L: R® — Ps is a linear transformation and that L is not onto.
Is L one-to-one? Why or why not?

(b) Suppose that L: My, — P53 is a linear transformation and that L is not
one-to-one. Is L onto? Why or why not?

Let L: V — W be a linear transformation between vector spaces,and let B be a
basis for V.

(a) Show that if L is an isomorphism, then L(B) is a basis for W.
(b) Prove thatif L(B) is a basis for JV, and the images of vectors in B are distinct,

then L is an isomorphism. (Hint: Use Exercise 8(c) in Section 5.4 to show
L is onto. Then show ker(L) = {0y} using a proof by contradiction.)

3 53
1 2 1

in R3. Show that T'(B) is a basis for RZ, but T is not an isomorphism.

(¢) Define T:R3 — R2 by T (X) = |: ] X,and let B be the standard basis

(d) Explain why part (c) does not provide a counterexample to part (b).

Let L: V — W be an isomorphism between finite dimensional vector spaces,
and let B be a basis for V. Show that for all v € V,[v]g = [L(V)]j ). (Hint: Use
the fact from Exercise 14(a) that L(B) is a basis for W.)

Let L:V — W be an isomorphism,with ) finite dimensional. If ) is any subspace
of V, prove that dim(ZL(})))) = dim(})).

Suppose T:V — W is a linear transformation,and 77;: X — Vand To: W — Y
are isomorphisms.

(a) Prove thatker (T2 o T) = ker (T).

(b) Prove that range (T o T1) = range (T).
»(c) Prove that T} (ker (T o T7)) = ker (T).

(d) Show that dim(ker(7")) = dim(ker(7 o77)). (Hint: Use part (¢) and
Exercise 16.)

»(e) Prove that range (72 o T) = T» (range(T)).

(f) Show that dim(range(7)) = dim(range(7> o T')). (Hint: Use part (e) and
Exercise 16.)



18.

19.

5.5 Isomorphism

Suppose L:V — W is a linear transformation,and that L;:V — R"” and L,: W —

R™ are isomorphisms. Let M = [0 Lo L] 1.

»(a) Use part (¢) of Exercise 17 with T'= Lo L and T7 = Lfl to prove that
Ly '(ker(M)) = ker(Iy o L).

»(b) Use part (a) of this exercise together with part (a) of Exercise 17 to prove
that Ll_1 (ker(M)) = ker(L).

»(c) Use part (b) of this exercise together with Exercise 16 to prove that
dim(ker(M)) = dim(ker(L)).

(d) Use part (e) of Exercise 17 to prove that L I (range(M)) =
range (Lo L'). (Hint: Let T = Lo L' and T, = L,. Then apply L; ' to
both sides.)

(e) Use part (d) of this exercise together with part (b) of Exercise 17 to prove
that L, ! (range(M)) = range(L).

(f) Use part (e) of this exercise together with Exercise 16 to prove that
dim(range(M)) = dim(range (L)).

We show in this exercise that any isomorphism from R? to R? is the compo-
sition of certain types of reflections, contractions/dilations, and shears. (See
Exercise 11 in Section 5.1 for the definition of a shear.) Note that if a # 0,

R [ | g |
| | P [

(a) Use the given equations to show that every nonsingular 2 X 2 matrix can
be expressed as a product of matrices, each of which is in one of the
following forms:

o 3o &L ST L AT o)

(b) Show that when k=0, multiplying either of the first two matrices in
part (a) times the vector [x,y] represents a contraction/dilation along the
x-coordinate or the y-coordinate.

—_S

—]

(c) Show that when & < 0, multiplying either of the first two matrices in
part (a) times the vector [x,y] represents a contraction/dilation along the
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20.

21.

22.

*23.

x-coordinate or the y-coordinate, followed by a reflection through one of

e e (e [£ 0] =3 0] 9])

(d) Explain why multiplying either of the third or fourth matrices in part (a)
times [x,y] represents a shear.

(e) Explain why multiplying the last matrix in part (a) times [x,y] represents
a reflection through the line y = x.

(f) Using parts (a) through (e),show that any isomorphism from R? to R? is the
composition of a finite number of the following linear operators: reflection
through an axis, reflection through y = x, contraction/dilation of the x- or
y-coordinate, shear in the x- or y-direction.

Express the linear transformation L: R> — R? that rotates the plane 45° in a
counterclockwise direction as a composition of the transformations described
in part (f) of Exercise 19.

(a) Let x1, x2, x3 be distinct real numbers. Use an argument similar to that in
Example 5 to show that for any given a, b, ¢ € R, there is a polynomial
P € P> such that p(x;) = a, p(x2) = b,and p(x3) = c.

(b) For each choice of x1,x3,x3,a,b,c € R, show that the polynomial p from
part () is unique.

(o) Recall from algebra that a nonzero polynomial of degree 7 can have at most
n roots. Use this fact to prove that if xq,...,x,+1 € R, with xq,...,x,+1

distinct, then for any given ay,...,a,+1 € R, there is a unique polynomial
P € P, such that p(x;) = a1, p(x2) = az,...,px,) = a,, and p(x,+1) =
Ap+1-

Define L: P — P by L(p(x)) = xp(x).
(a) Show that L is one-to-one but not onto.
(b) Explain why L does not contradict Corollary 5.21.

True or False:
(a) Ifthe inverse L~ ! of a linear transformation L exists, then L™ ! is also a linear
transformation.

(b) A linear transformation is an isomorphism if and only if it is invertible.

(o If L: V — V is a linear operator, and the matrix for L with respect to
the finite basis B for V is Agp, then L is an isomorphism if and only if
|Ags| = 0.

(d IfL:V — W is a linear transformation, then L is one-to-one if and only if L
is onto.



5.6 Diagonalization of Linear Operators 371

(e) If L:V — W is a linear transformation and M: X — V) is an isomorphism,
then ker (Lo M) = ker(L).

(f) If L:V — W is a linear transformation and M: X — V is an isomorphism,
then range (L o M) = range(L).

(@ If L:V — )W is an isomorphism and wy,...,w, € W, then for every
set of scalars daq,...,dy, L~ (@;wy + -+ a,w,) = arL Y wy) + -+
a, L~ (wy,).

(h) R* =Py = Moy,

@ IfL:RC — M35 is not one-to-one, then it is not onto.

5.6 DIAGONALIZATION OF LINEAR OPERATORS

In Section 3.4, we examined a method for diagonalizing certain square matrices. In
this section, we generalize this process to diagonalize certain linear operators.
Eigenvalues, Eigenvectors, and Eigenspaces for Linear Operators

We define eigenvalues and eigenvectors for linear operators in a manner analogous to
their definitions for matrices.

Definition Let Z: V — V be a linear operator. A real number A is said to be an
eigenvalue of L if and only if there is a nonzero vector v € V such that L(v) = Av.
Also, any nonzero vector v such that L(v) = Av is said to be an eigenvector for L
corresponding to the eigenvalue A.

If L is a linear operator on R” given by multiplication by a square matrix A (that
is, L(v) = Av), then the eigenvalues and eigenvectors for L are merely the eigenvalues
and eigenvectors of the matrix A, since L(v) = Av if and only if Av = Av. Hence, all of
the results regarding eigenvalues and eigenvectors for matrices in Section 3.4 apply
to this type of operator. Let us now consider an example involving a different type of
linear operator.

L
Example 1

Consider L: My, — Muyn given by L(A) = A + AT . Then every nonzero n X n symmetric matrix
S is an eigenvector for L corresponding to the eigenvalue A1 = 2 because L(S) =S +S7 =S+ §
(since S is symmetric) = 2S. Similarly, every nonzero skew-symmetric n X n matrix V is an
eigenvector for L corresponding to the eigenvalue A, = 0 because L(V) =V + vIi=v+4+(-v)=

Oy = OV. -



372

CHAPTER 5 Linear Transformations

We now define an eigenspace for a linear operator.

Definition Let )V — V be a linear operator on V. Let A be an eigenvalue for
L. Then E), the eigenspace of A, is defined to be the set of all eigenvec-
tors for L corresponding to A, together with the zero vector 0y of ). That is,
Ey ={veV|LV)=Av}.

Just as the eigenspace of an 7 X n matrix is a subspace of R” (see Theorem 4.4),
the eigenspace of a linear operator L:) — V is a subspace of the vector space V. This
can be proved directly by showing that the eigenspace is nonempty and closed under
vector addition and scalar multiplication, and then applying Theorem 4.2.

e
Example 2

Recall the operator L: My, — My, from Example 1 given by L(A) = A + AT We have already
seen that the eigenspace E; for L contains all symmetric z X n matrices. In fact, these are the
only elements of E, because

IA) =2A —A+AT =24 —A+AT =A+A = AT =A.

Hence, E, = {symmetric n X n matrices}, which we know to be a subspace of My, having
dimension n(n + 1) /2.

Similarly, the eigenspace Eg = {skew-symmetric n X n matrices}. -

The Characteristic Polynomial of a Linear Operator

Frequently, we analyze a linear operator L on a finite dimensional vector space V by
looking at its matrix with respect to some basis for V. In particular, to solve for the
eigenvalues of L, we first find an ordered basis B for ), and then solve for the matrix
representation A of L with respect to B. For this matrix A, we have [L(V)]p = A[V]p.
Thus, finding the eigenvalues of A gives the eigenvalues of L.

|
Example 3

Let Z: R2 — R2 be the linear operator given by L([a,b]) = [b,a]; that is, a reflection about the
line y = x. We will calculate the eigenvalues for L two ways — first, using the standard basis for
R2, and then, using a nonstandard basis.

Since L(i) =j and L(j) = i, the matrix for L with respect to the standard basis is
-1

2
1 1 x—x 1=(—1)(x+1).

A= |:0 (1):|.ThenpA(x) = ‘_X

Hence, the eigenvalues for A (and L) are A1 = 1and A2 = —1. Solving the homogeneous system
(1I; — A)v = 0yields vy = [1,1] as an eigenvector corresponding to A1 = 1. Similarly, we obtain
vy =[1,—1],forA, = —1.
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Notice that this result makes sense geometrically. The vector vy runs parallel to the line
of reflection and thus L leaves v; unchanged; L(vi) = A1vy = vy. On the other hand, v, is
perpendicular to the axis of reflection, and so L reverses its direction; L(v2) = Aavy = —v,.

Now, instead of using the standard basis in R2, let us find the matrix representation of L with
respect to B = (v1,v2). Since [L(vy)]p = [1,0] and [L(v2)]g = [0, —1] (why?), the matrix for L
with respect to B is

(L)1 [L(v2)lB
1 0
0 -1/

a diagonal matrix with the eigenvalues for L on the main diagonal. Notice that

x—1

0wt = @TDEFD=pa),

Pp(x) =

giving us (of course) the same eigenvalues A; = 1 and A, = —1 for L. -

Example 3 illustrates how two different matrix representations for the same linear
operator (using different ordered bases) produce the same characteristic polynomial.
Theorem 5.6 and Exercise 6 in Section 3.4 together show that this is true in general.
Therefore, we can define the characteristic polynomial of a linear operator as follows,
without concern about which particular ordered basis is used:

Definition Let Z be a linear operator on a nontrivial finite dimensional vector space
V. Suppose A is the matrix representation of L with respect to some ordered basis
for V. Then the characteristic polynomial of L, p;(x),is defined to be pj (x).

L
Example 4

Consider L: P, — P, determined by L(p(x)) = x%p” (x) + Bx — 2)p/(x) + 5p(x). You can
check that L(x2) = 13x% — 4x, L(x) = 8x — 2, and L(1) = 5. Thus, the matrix representation
of L with respect to the standard basis § = 2, x,1) is

13 0 0
A=|—4 8 0
0o -2 5
Hence,
x—13 0 0

PLx)=pax)=| 4 x—8 0 |=(x—13)(x—8)(x—5),
0 2 x—5
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since this is the determinant of a lower triangular matrix. The eigenvalues of L are the roots of
pr(x), namely, A1 = 13,12 = 8,and Az = 5. -

Criterion for Diagonalization

Given a linear operator L on a finite dimensional vector space V, our goal is to find a
basis B for V such that the matrix for L with respect to B is diagonal, as in Example 3.
But, just as every square matrix cannot be diagonalized, neither can every linear
operator.

Definition A linear operator L on a finite dimensional vector space V is diagonal-
izable if and only if the matrix representation of L with respect to some ordered
basis for V is a diagonal matrix.

The next result indicates precisely which linear operators are diagonalizable.

Theorem 5.22 Let L be a linear operator on a nontrivial z-dimensional vector space V.
Then L is diagonalizable if and only if there is a set of z linearly independent eigenvectors
for L.

Proof. Suppose that L is diagonalizable. Then there is an ordered basis B = (vy,...,v;) for
V such that the matrix representation for L with respect to B is a diagonal matrix D. Now,
B is a linearly independent set. If we can show that each vector v; in B, for 1=i=mn, is
an eigenvector corresponding to some eigenvalue for L, then B will be a set of » linearly
independent eigenvectors for L. Now, for each v;, we have [L(v;)]z = D[v;]p = De; =
dye; = dy[vilg = [divilg, where d;; is the (i,7) entry of D. Since coordinatization of vectors
with respect to B is an isomorphism, we have L(v;) = d;;v;, and so each v; is an eigenvector
for L corresponding to the eigenvalue d;;.

Conversely, suppose that B = {w1,...,w,} isasetof n linearly independent eigenvectors
for L, corresponding to the (not necessarily distinct) eigenvalues Aq,...,A,, respectively.
Since B contains n = dim(V) linearly independent vectors, B is a basis for V, by part (2) of
Theorem 4.13. We show that the matrix A for L with respect to B is, in fact, diagonal. Now,
fori=i=n,

ith column of A = [L(W,')]B = [A;w;lg = Ai[wilg = Aje;.

Thus, A is a diagonal matrix, and so L is diagonalizable. O

i
Example 5

In Example 3, L: RZ — R2 was defined by L([a,b]) = [b,a]. Inthat example, we found a set of two
linearly independent eigenvectors for L, namely, vi = [1,1]and vz = [1, —1]. Since dim(R?) = 2,
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Theorem 5.22 indicates that L is diagonalizable. In fact, in Example 3, we computed the matrix

for L with respect to the ordered basis (v1,v2) for R2 to be the diagonal matrix [(1) (1)}
o |

L
Example 6

Consider the linear operator Z: R2 — R2 that rotates the plane counterclockwise through an
angle of % Now, every nonzero vector v is moved to L(v), which is not parallel to v, since L(v)
forms a 45° angle with v. Hence, L has no eigenvectors, and so a set of two linearly independent
eigenvectors cannot be found for L. Therefore, by Theorem 5.22, L is not diagonalizable. =

Linear Independence of Eigenvectors

Theorem 5.22 asserts that finding enough linearly independent eigenvectors is crucial
to the diagonalization process. The next theorem gives a condition under which a set
of eigenvectors is guaranteed to be linearly independent.

Theorem 5.23 Let L be a linear operator on a vector space V, and let Aq,...,A; be dis-
tinct eigenvalues for L. If vq,..., v, are eigenvectors for L corresponding to A1, ..., At
respectively, then the set {vy,...,v;} is linearly independent. That is, eigenvectors
corresponding to distinct eigenvalues are linearly independent.

Proof. We proceed by induction on ¢.

Base Step: Suppose that #+ = 1. Any eigenvector vy for A1 is nonzero, so {v;} is linearly
independent.

Inductive Step: Let Aq,...,Ar+1 be distinct eigenvalues for L, and let vq,...,vp+1 be
corresponding eigenvectors. Our inductive hypothesis is that the set {vy,...,vg} is lin-
early independent. We must prove that {vy,...,vg,ve+1} is linearly independent. Suppose
thatayvy + -+ + apve + ap+1ve+1 = Op. Showingthata; = a, = --- = ap = ap+1 = O will
finish the proof. Now,

L(ayvy + -+ apve + ap+1Ve+1)= L(0y)
= aiL(vy) + -+ apL(vg) + ag+1L(Ve+1)= L(0y)
= aA1Vy + -+ apApVe + dp+1Ae+1Ve+1= Oy,

Multiplying both sides of the original equation a;vy + -+ + apve + ap+1ve+1 = 0y by
Ap+1 yields

A Ag+1V1 + - T ApAp+1Ve + Ap+1Ap+1Ve+1 = Oyp.

Subtracting the last two equations containing A+ gives

atA1 —Ag+)V1 + -+ ap(Ag — Ag+1)ve = Oy.
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Hence, our inductive hypothesis implies that
ay(Ay —Ag+1) = - = apAe = Ap+1) = 0.

Since the eigenvalues Aq,...,Ax+1 are distinct, none of the factors A; — A+ in these equa-

tions can equal zero, for 1=i=<k. Thus, a; =az = --- = a = 0. Finally, plugging these
values into the earlier equation ayvy + -+ + apve + dp+1Ve+1 = Oy SIVES dp+1Ve+1 = Oy.
Since vi+1 # 0y, we must have ag+1 = 0 as well. O
Example 7
Consider the linear operator L: R3 — R3 given by L(x) = Ax, where

31 —14 —92

A=|-50 28 158
18 -9 -55

It can be shown that the characteristic polynomial for A is pa(x) = x3 —4x2 +x + 6= (x + 1)
(x — 2)(x — 3). Hence, the eigenvalues for A are A1 = —1, A2 = 2, and A3 = 3. A quick check
verifies that [2, —2,1],[10, 1,3], and [1, 2,0] are eigenvectors, respectively, for the distinct eigen-
values A1, A2, and A3. Therefore, by Theorem 5.23, the set B = {[2,—2,1], [10,1,3], [1,2,0]} is
linearly independent (verify!). In fact, since dim(R3) = 3, this set B is a basis for R3.

Also note that L is diagonalizable by Theorem 5.22, since there are three linearly independent
eigenvectors for L and dim(R3) = 3. In fact, the matrix for Z with respect to B is

-1 0 O
D= 0 2 0
0o 0 3

This can be verified by computing D = P~ 1AP, where

2 10 1
P=|-2 1 2
1 3 0

is the transition matrix from B-coordinates to standard coordinates, that is, the matrix whose
columns are the vectors in B (see Exercise 8(b) in Section 4.7). =

As illustrated in Example 7, Theorems 5.22 and 5.23 combine to prove the
following:

Corollary 5.24 If L is a linear operator on an n-dimensional vector space and L has n
distinct eigenvalues, then L is diagonalizable.

The converse to this corollary is false, since it is possible to get n linearly
independent eigenvectors from fewer than 7 eigenvalues (see Exercise 6).



5.6 Diagonalization of Linear Operators 377

The proof of the following generalization of Theorem 5.23 is left as Exercises 15
and 16.

Theorem 5.25 LetZ:V — V be a linear operator on a finite dimensional vector space V,
and let B1,Ba,...,Bp be bases for eigenspaces Ey.,,...,Ex. for L, where Aq,...,Ap are
distinct eigenvalues for L. Then B;NB; = Jfor1=i <j=k,and ByUByU---UBy is
a linearly independent subset of V.

This theorem asserts that for a given operator on a finite dimensional vector space,
the bases for distinct eigenspaces are disjoint, and the union of two or more bases
from distinct eigenspaces always constitutes a linearly independent set.

L
Example 8

Consider the linear operator L: R4 — R* given by L(x) = Ax, for the matrix A in Example 6 of
Section 3.4; namely,

—4 7 1 4
6 —-16 -3 -9
12 —-27 -4 -15
—18 43 7 24

In that example, we showed there were precisely three eigenvalues for A (and hence, for L):
A1 = —1,A2 = 2,and A3 = 0. In the row reduction of [(=1)I4 — A|0] in that example, we found
two independent variables, and so dim(E,,) = 2. We also discovered fundamental eigenvec-
tors X1 =[—2,—1,1,0] and X; = [—1,—1,0,1] for Ay. Therefore, {X1,X3} is a basis for E,, .
Similarly, we can verify that dim(E,,) = dim(E, ;) = 1. We found a fundamental eigenvector
X3 = [1,—2,—4,6] for A2, and a fundamental eigenvector X4 = [1, —3, —3,7] for A3. Thus, {X3}
is a basis for Ey,, and {X4} isa basisforEAs. Now, by Theorem 5.25, the union {X1,X2,X3,X,} of
these bases is a linearly independent subset of R4, Of course, since dim(R4) = 4,{X1,X2,X3,X,}
is also a basis for R%. Hence, by Theorem 5.22, L is diagonalizable. =

Method for Diagonalizing a Linear Operator

Theorem 5.25 suggests a method for diagonalizing a given linear operator L: V — V),
when possible. This method, outlined below, illustrates how to find a basis B so that the
matrix for L with respect to B is diagonal. In the case where V = R” and the standard
basis is used, we simply apply the Diagonalization Method of Section 3.4 to the matrix
for L to find a basis for ). In other cases, we first need to choose a basis C for ). Next
we find the matrix for L with respect to C,and then use the Diagonalization Method
on this matrix to obtain a basis Z of eigenvectors in R”. Finally, the desired basis B
for V consists of the vectors in V whose coordinatization with respect to C are the
vectors in Z.
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Method for Diagonalizing a Linear Operator (if possible) (Generalized Diagonalization Method)
Let Z: ¥V — V be a linear operator on an n-dimensional vector space V.

Step 1: Find a basis € for V (if V = R”, we can use the standard basis), and calculate the

matrix representation A of L with respect to C.

Step 2: Apply the Diagonalization Method of Section 3.4 to A in order to obtain all of the

eigenvalues A1,...,Az of A and a basis in R” for each eigenspace E), of A (by
solving an appropriate homogeneous system if necessary). If the union of the bases
of the E), contains fewer than »z elements, then L is not diagonalizable, and we stop.
Otherwise, let Z = (w1,..., wy) be an ordered basis for R” consisting of the union
of the bases for the Ej, .

Step 3: Reverse the C-coordinatization isomorphism on the vectors in Z to obtain an

ordered basis B = (v1,...,vy) for V; that is, [v;]¢c = w;.

The matrix representation for L with respect to B is the diagonal matrix D whose (%, 7)
entry dy; is the eigenvalue for L corresponding to v;. In most practical situations, the
transition matrix P from B- to C-coordinates is useful; P is the n X n matrix whose
columns are [vilc,...,[Valc — that is, wi, w2, ...,wy. Note that D = P~ 1AP.

If we have a linear operator on R” and use the standard basis for C, then the
C-coordinatization isomorphism in this method is merely the identity mapping. In this
case, Steps 1 and 3 are a lot easier to perform, as we see in the next example.

Example 9
We use the preceding method to diagonalize the operatorL:]R4 — R4 given by L(v) = Av, where

5 0 -8 8

A= 8 1 -16 16
-4 0 9 -8

-8 0 16 —15

Step 1: SinceV = R*, we let C be the standard basis for R%. Then no additional work needs to

be done here, since the matrix representation for L with respect to C is simply A itself.

Step 2: We apply the Diagonalization Method of Section 3.4 to A. A lengthy computation

produces the characteristic polynomial
JINED) —xt—6x?+8x—3= (x — 13(x +3).

Thus, the eigenvalues for A are Ay = 1and A, = —3.
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To obtain a basis for the eigenspace E) ,, we row reduce

-4 0 8 —8 0 1 0 —2 2 0
-8 0 16 —-16 0 . 0 0 0O 01O
[1I; —A|0] = to obtain
4 0 —8 8 0 0 0 0O 01O
8 0 —-16 16 0 0 0 0 010

There are three independent variables, so dim(E),) = 3. As in Section 3.4, we set each
independent variable in turn to 1, while setting the others equal to 0. This yields three
linearly independent fundamental eigenvectors: w; = [0,1,0,0],w2 = [2,0,1,0], and
w3 =[—2,0,0,1]. Thus, {wy,w2,w3} is a basis for E),. A similar procedure yields
dim(E),) = 1, and a fundamental eigenvector w4 = [1,2, —1, —2] for E),. Also, {wy} is
a basis for E), . Since dim(V) = 4 and since we obtained four fundamental eigenvectors
overall from the Diagonalization Method, L is diagonalizable. We form the union Z =
{w1,w2,w3,wy} of the bases for Ey, and E,.

Since C is the standard basis for R4 and the C-coordinatization isomorphism is
the identity mapping, no additional work needs to be done here. We simply let
B = (v1,v2,v3,Vy), where vi = wj,v2 =wp,v3 =wsz, and vy =wy. That is, B =
([0,1,0,01,[2,0,1,0],[—2,0,0,1],[1,2,—1,—2]). B is an ordered basis for V = RY,
Notice that the matrix representation of L with respect to B is the 4 X 4 diagonal
matrix D with each d;; equal to the eigenvalue for v;, for 1 =i =4. In particular,

1 0 O 0
D= 0 1 0 0
0 0 1 0
0O 0 0 -3

Also, the transition matrix P from B-coordinates to standard coordinates is formed
by using vi,v2,v3, and v4 as columns. Hence,

0 2 =2 1 2 1 —4 4

1 0 0 o ) _ -1 0 -2
P= , anditsinverseis Pl = 3

0 1 0o -1 -2 0 4 -3

0 0 1 -2 -1 0 2 -2

You should verify that P"1AP = D.
|

In the next example, the linear operator is not originally defined as a matrix
multiplication, and so Steps 1 and 3 of the process require additional work.

Example 10
Let L: P3 — P3 be given by L(p(x)) = xp’(x) + p(x + 1). We want to find an ordered basis B
for P53 such that the matrix representation of L with respect to B is diagonal.
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Step 1: Let ¢ = (x3,x2,x, 1), the standard basis for P5. We need the matrix for L with respect
to €. Calculating directly, we get

L) = x(B3x2) + (e + 1)3 = 4x3 + 302 +3x+ 1,

Lix?) = x20) + (x +1)2 = 3x2 +2x+ 1,

L(x)
and L(1) = x(0)+1 = 1.

x(1)+(x+1) = 2x+1,

Thus, the matrix for L with respect to C is

4 0 0 O
A_|3 300
3 2 2 0
11 1 1

Step 2: We now apply the Diagonalization Method of Section 3.4 to A. The characteristic polyno-
mial of A'is pa (x) = (x — 4)(x — 3)(x — 2)(x — 1), since A is lower triangular. Thus, the
eigenvalues for A are A1 = 4,12 = 3,A3 = 2, and A4 = 1. Solving for a basis for each
eigenspace of A gives: basis for Ey | = {[6,18,27,17]}, basis for Ey, = {[0,2,4,3]}, basis
forE,\3 = {[0,0,1, 1]}, and basis for E), = {[0,0,0,1]}. Since dim(P3) = 4 and since we
obtained four distinct eigenvectors, L is diagonalizable. The union

Z = {[6) 18, 277 17]7 [05 2’47 3]’ [0707 ]" 1]) [07 07 0) 1]}

of these eigenspaces is a linearly independent set by Theorem 5.25, and hence, Z is a
basis for R*.

Step 3: Reversing the C-coordinatization isomorphism on the vectors in Z yields the ordered
basis B= (v1,v2,v3,vy4) for P3, where vy = 6x3 +18x2 +27x + 17, vy = 2x% + 4x + 3,
v3 =x +1, and v4 = 1. The diagonal matrix

4 0 0 O
DZOSOO
0O 0 2 O
0 0 0 1

is the matrix representation of L in B-coordinates and has the eigenvalues of L
appearing on the main diagonal. Finally, the transition matrix P from B-coordinates
to C-coordinates is

6 0 0 O
2
p— 18 0 0
27 4 1 0
17 3 1 1

It can quickly be verified that D = P~1AP.
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Geometric and Algebraic Multiplicity

As we have seen, the number of eigenvectors in a basis for each eigenspace is crucial
in determining whether a given linear operator is diagonalizable,and so we often need
to consider the dimension of each eigenspace.

Definition Let Z be a linear operator on a finite dimensional vector space, and let
A be an eigenvalue for L. Then the dimension of the eigenspace E), is called the
geometric multiplicity of A.

L
Example 11
In Example 9, we studied a linear operator on R4 having eigenvalues A1 =1 and A2 = —3. In
that example, we found dim(E) ;) = 3 and dim(E),) = 1. Hence, the geometric multiplicity of A
is 3 and the geometric multiplicity of A2 is 1. -

We define the algebraic multiplicity of a linear operator in a manner analogous to
the matrix-related definition in Section 3.4.

Definition Let Z be a linear operator on a finite dimensional vector space, and let
A be an eigenvalue for L. Suppose that (x — M is the highest power of (x —\)
that divides py(x). Then k& is called the algebraic multiplicity of A.

In Section 3.4, we suggested, but did not prove, the following relationship between
the algebraic and geometric multiplicities of an eigenvalue.

Theorem 5.26 Let I be a linear operator on a finite dimensional vector space V, and
let A be an eigenvalue for L. Then

1 = (geometric multiplicity of A) = (algebraic multiplicity of A).

The proof of Theorem 5.26 uses the following lemma:

O D/
B is an m X m submatrix, C is an m X (n — m) submatrix, O is an (n — m) X m zero
submatrix, and D is an (nz — m) X (n — m) submatrix. Then, |[A| = |B| - |D|.

Lemma5.27 LetA beann X n matrix symbolically represented by A = [B C] where
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Lemma 5.27 follows from Exercise 14 in Section 3.2. (We suggest you complete
that exercise if you have not already done so.)

Proof. Proof of Theorem 5.26: Let V, L, and A be as given in the statement of the theorem,
and let & represent the geometric multiplicity of A. By definition, the eigenspace E), must
contain at least one nonzero vector, and thus & = dim(E)) = 1. Thus, the first inequality in
the theorem is proved.

Next, choose a basis {vq,...,vz} for Ey, and expand it to an ordered basis B =
(V1,...,Ve,Ve+1,...,Vy,) for V. Let A be the matrix representation for L with respect to
B. Notice that for 1 =7 < &, the ith column of A = [L(v;)]g = [Av;i]g = A[v;]g = Ae;. Thus,

A has the form
_|[ALy C
s=['s o)

where C is a kX (n — k) submatrix, O is an (n — k) X k zero submatrix, and D is an
(n — k) X (n — k) submatrix.
The form of A makes it straightforward to calculate the characteristic polynomial of L:

AL, C
R
_|@e-nL  -cC

(0] xL,—r —D

DPr(x) = pa (x) = |xI, —A| =

= |(x — MIg| - |xI,—r —D| by Lemma 5.27
=(x =M pp (x).

Let 7 be the number of factors of x — A in pp (x). (Note that I =0, withZ = 0 if pp(A) # 0.)
Then, altogether, (x — A)** is the largest power of x — A that divides p; (x). Hence,

geometric multiplicity of A = & =k + [ = algebraic multiplicity of A. 0

e
Example 12

Consider the linear operator L: R¥ — R* given by

X1 5
X2 -2
X3 B 4
X4 16

S B =N
W
[\
&

-8 =5 |ay

In Exercise 3(a), you are asked to verify that pz(x) = (x — 3)3(x + 5). Thus, the eigenvalues for
L are A1 = 3 and A2 = —5. Notice that the algebraic multiplicity of A1 is 3 and the algebraic
multiplicity of A5 is 1.
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Next we find the eigenspaces of A1 and A, by solving appropriate homogeneous systems.
Let A be the matrix for L. For A1 = 3, we solve (314 — A)v = 0 by row reducing

1 _1
-2 -2 0 -1]o0 Lo =3 =3]0
2 20 110 . o1 1 110
4 -4 0 -210 to obtain 2
00 0 o0]0
-16 0 8 8] o0 oo o olo

Thus, a basis for E3 is {[1,—1,2,0],[1,—2,0,2]}, and so the geometric multiplicity of Ay is 2,
which is less than its algebraic multiplicity.

In Exercise 3(b), you are asked to solve an appropriate system to show that the eigenspace
for A2 = —5 has dimension 1, with {[—1,1,—2,8]} being a basis for E_s. Thus, the geomet-
ric multiplicity of A2 is 1. Hence, the geometric and algebraic multiplicities of A, are actually

equal.
q -

The eigenvalue A, in Example 12 also illustrates the principle that if the algebraic
multiplicity of an eigenvalue is 1, then its geometric multiplicity must also be 1. This
follows immediately from Theorem 5.26.

Multiplicities and Diagonalization

Theorem 5.26 gives us a way to use algebraic and geometric multiplicities to deter-
mine whether a linear operator is diagonalizable. Let L:) — V be a linear operator,
with dim()) = n. Then p;(x) has degree n. Therefore, the sum of the algebraic multi-
plicities for all eigenvalues can be at most n. Now, for L to be diagonalizable, L must
have 7 linearly independent eigenvectors by Theorem 5.22. This can only happen if
the sum of the geometric multiplicities of all eigenvalues for L equals 7. Theorem 5.26
then forces the geometric multiplicity of every eigenvalue to equal its algebraic multi-
plicity (why?). We have therefore proven the following alternative characterization of
diagonalizability:

Theorem 5.28 Let L:V — V be a linear operator with dim(V) = n. Then L is diagonal-
izable if and only if both of the following conditions hold: (1) the sum of the algebraic
multiplicities over all eigenvalues of L equals 7, and (2) the geometric multiplicity of
each eigenvalue equals its algebraic multiplicity.

Theorem 5.28 gives another justification that the operator L on R* in Exam-
ple 9 is diagonalizable. The eigenvalues A; =1 and A, = —3 have algebraic mul-
tiplicities 3 and 1, respectively, and 3 +1=4 = dim(R4). Also, the eigenvalues
respectively have geometric multiplicities 3 and 1, which equal their algebraic mul-
tiplicities. These conditions ensure L is diagonalizable, as we demonstrated in that
example.
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Example 13
Theorem 5.28 shows the operator on R* in Example 12 is not diagonalizable because the
geometric multiplicity of A1 = 3 is 2, while its algebraic multiplicity is 3. =
.
Example 14
Let Z:R3 — R3 be a rotation about the z-axis through an angle of Z. Then the matrix for L with
respect to the standard basis is
1 3
Lo
A= 3 1 s
2 2 0
0 0 1
as described in Table 5.1. Using A, we calculate py(x) = x3 —2x2 +2x — 1 = (x — D)(x% —x +
1), where the quadratic factor has no real roots. Therefore, A = 1 is the only eigenvalue, and its
algebraic multiplicity is 1. Hence, by Theorem 5.28, L is not diagonalizable because the sum of
the algebraic multiplicities of its eigenvalues equals 1, which is less than dim(R3) = 3. =
The Cayley-Hamilton Theorem
We conclude this section with an interesting relationship between a matrix and its
characteristic polynomial. If p(x) = a,x" + a,—1x" 1.+ ayx + ao is any polyno-
mial and A is an n X n matrix, we define p(A) to be the n X n matrix given by
PA) = a, A"+ a, A"+ a A+ agl,.
Theorem 5.29 (Cayley-Hamilton Theorem) Let A be an n X n matrix, and let pa (x)
be its characteristic polynomial. Then pa (A) = O,,.
The Cayley-Hamilton Theorem is an important result in advanced linear algebra. We
have placed its proof in Appendix A for the interested reader.
|
Example 15
Let A = 2 _ﬂ Then pa (x) = x2 — 2x — 11 (verify!). The Cayley-Hamilton Theorem states

that pa (A) = O2. To check this, note that

2 e |17 4] e 4] 11 o]_fo o
pa) =AT—24 11D |:8 9} |:8 —2} [0 11} [0 0}
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4 Application: You have now covered the prerequisites for Section 8.9, “Differ-

ential Equations.”

New Vocabulary

algebraic multiplicity (of an eigenvalue)  eigenvalue of a linear operator
Cayley-Hamilton Theorem eigenvector of a linear operator
characteristic polynomial (for a linear Generalized Diagonalization Method

operator) (for a linear operator)
diagonalizable linear operator geometric multiplicity (of an eigen-
eigenspace (for an eigenvalue of a linear value)
operator)
Highlights

m A linear operator L on a finite dimensional vector space V is diagonalizable if the

matrix for L with respect to some ordered basis for V is diagonal.

m A linear operator L on an n-dimensional vector space V is diagonalizable if and

only if n linearly independent eigenvectors exist for L.

Eigenvectors corresponding to distinct eigenvalues are linearly independent.

m A linear operator L on an n-dimensional vector space V is diagonalizable if »n

distinct eigenvalues exist for L.

If L is a linear operator, the union of bases for distinct eigenspaces of L is a linearly
independent set.

m The Diagonalization Method of Section 3.4 applies to any matrix A for a lin-

ear operator on a finite dimensional vector space, and if A is diagonalizable,
the method can be used to find the eigenvalues of A, a basis of fundamental
eigenvectors for A, and a diagonal matrix similar to A.

m The geometric multiplicity of an eigenvalue is the dimension of its eigenspace.

m The algebraic multiplicity of an eigenvalue A for a linear operator L is the highest

power of (x — A) that divides the characteristic polynomial py (x).

m The geometric multiplicity of an eigenvalue is always less than or equal to its

algebraic multiplicity.

m A linear operator L on an n-dimensional vector space is diagonalizable if and

only if both of the following conditions hold: (1) the sum of all the algebraic
multiplicities of all the eigenvalues of L is equal to n, and (2) the geometric
multiplicity of each eigenvalue equals its algebraic multiplicity.

385
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m If A is an # X n matrix with characteristic polynomial pp (x),then ps (A) =

That is, every matrix is a “root” of its characteristic polynomial (Cayley-Hamilton
Theorem).

EXERCISES FOR SECTION 5.6

1.

For each of the following, let L be a linear operator on R” represented by the
given matrix with respect to the standard basis. Find all eigenvalues for L, and
find a basis for the eigenspace corresponding to each eigenvalue. Compare the
geometric and algebraic multiplicities of each eigenvalue.

2 1 7 1 2
*@ g 2} @ |-11 -2 -3
4 2 [-13 10 12 19
o 1 1 ©® 1 5 7 =2
*x@© | -1 4 -1 -2 -1 -1 3
2 o0 o
*(d) 4 -3 -6
| -4 5 8

Each of the following represents a linear operator L on a vector space V. Let
C be the standard basis in each case, and let A be the matrix representation of
L with respect to C. Follow Steps 1 and 2 of the Generalized Diagonalization
Method to determine whether L is diagonalizable. If L is diagonalizable, finish
the method by performing Step 3. In particular, find the following:

(i) An ordered basis B for V consisting of eigenvectors for L

(i) The diagonal matrix D that is the matrix representation of L with respect
toB

(iii) The transition matrix P from B to C
Finally, check your work by verifying that D = P~ 'AP.
(@ L:R* - R* given byL([xl,xg,.xg,xﬂ) = [x2,X1,X4,X3]
*(b) L:P, — P, given byL(p(x)) (x—1Dp'(x)
(© L:P; — P, given by L(p(x)) = x?p” (x) + p(x) — 3p(x)
*(d) L:P; — Pz given by L(p(x)) = (x — 3)?p” (x) + xp/(x) — 5p(x)

*(e) L:R? — RZ2 such that L is the counterclockwise rotation about the origin
through an angle of % radians
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() L: Moy — My, given by L(K) = KT
(@ L: May — My givenby L(K) = K — KT

*(h) L: M2z — Mpy; given by L(K) = |:__1§ ii| K

3. Consider the linear operator L: R* — R* from Example 12.

(@) Verify that p;(x) = (x — 3)3(x +5) = x% — 4x3 — 18x2 + 108x — 135.
(Hint: Use a cofactor expansion along the third column.)

(b) Show that {[—1, 1, —2,8]} is a basis for the eigenspace E_s for L by solving
an appropriate homogeneous system.

4. Let L: P, — P, be the translation operator given by L(p(x)) = p(x + a), for
some (fixed) real number a.

*(a) Find all eigenvalues for L when a = 1,and find a basis for each eigenspace.

(b) Find all eigenvalues for L when a is an arbitrary nonzero number,and find
a basis for each eigenspace.

5. Let A be an n X n upper triangular matrix with all main diagonal entries equal.
Show that A is diagonalizable if and only if A is a diagonal matrix.

6. Explain why Examples 8 and 9 provide counterexamples to the converse of
Corollary 5.24.

*7. (a) Give an example of a 3 X 3 upper triangular matrix having an eigenvalue
A with algebraic multiplicity 3 and geometric multiplicity 2.

(b) Give an example of a 3 X3 upper triangular matrix, one of whose
eigenvalues has algebraic multiplicity 2 and geometric multiplicity 2.

8. (@) Suppose that L is a linear operator on a nontrivial finite dimensional vector
space. Prove L is an isomorphism if and only if 0 is not an eigenvalue
for L.

(b) Let L be an isomorphism from a vector space to itself. Suppose that A is an
eigenvalue for L having eigenvector v. Prove that v is an eigenvector for
L~ ! corresponding to the eigenvalue 1/A.

9. Let L be alinear operator on a nontrivial finite dimensional vector space V,and
let B be an ordered basis for V. Also, let A be the matrix for L with respect to B.
Assume that A is a diagonalizable matrix. Prove that there is an ordered basis
C for V such that the matrix representation of L with respect to C is diagonal
and hence that L is a diagonalizable operator.

10. Let A be an n X n matrix. Suppose that {vy,...,v,} is a basis for R” of
eigenvectors for A with corresponding eigenvalues A1,A2,...,A,. Show that
|A| = )\1)\2 .. ‘An~
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11.

12.

13.

14.

»15.

»16.

17.
*18.

Let L be a linear operator on an n-dimensional vector space, with {Aq,...,Ag}
equal to the set of all distinct eigenvalues for L. Show that 3X_, (geometric
multiplicity of A;) = n.

Let L be a nontrivial linear operator on a nontrivial finite dimensional vector
space V. Show that if L is diagonalizable, then every root of py (x) is real.

Let A and B be commuting 7z X n matrices.

(a) Show that if A is an eigenvalue for A and v € E) (the eigenspace for A
associated with A), then Bv € E),.

(b) Prove that if A has 7 distinct eigenvalues, then B is diagonalizable.

(a) Let A be a fixed 2 X 2 matrix with distinct eigenvalues A; and A,. Show
that the linear operator L: M2, — Mo, given by L(K) = AK is diagonal-
izable with eigenvalues A1 and A, each having multiplicity 2. (Hint: Use
eigenvectors for A to help create eigenvectors for L.)

(b) Generalize part (a) as follows: Let A be a fixed diagonalizable n X n
matrix with distinct eigenvalues Aq,...,Az. Show that the linear operator
L: My, - M, given by L(K) = AK is diagonalizable with eigenvalues
A1,...,Ag. In addition, show that, for each 7, the geometric multiplicity of
A; for L is n times the geometric multiplicity of A; for A.

Let L: V — V be a linear operator on a finite dimensional vector space V. Sup-
pose that A1 and A, are distinct eigenvalues for L and that B; and B, are bases
for the eigenspaces E), and E),, for L. Prove that B; N By is empty.

Let L: V — V be a linear operator on a finite dimensional vector space V. Sup-
pose that Ay, ..., A, are distinct eigenvalues for L and that B; = {v;1,...,Vs,} is
a basis for the eigenspace E),, for 1 =i = n. The goal of this exercise is to show
that B = U, B; is linearly independent. Suppose that El'.‘zlifi 1ai5Vij = 0.

(@ Letw; =3 a;v;. Show that w; € Ey,.
(b) Note that E,’.‘:lui = 0. Use Theorem 5.23 to show thatu; = 0,for1 =7 =un.
(o) Conclude that a;; = 0,for 1=i=nand 1=j=k;.

(d) Explain why parts (a) through (c) prove that B is linearly independent.
Verify that the Cayley-Hamilton Theorem holds for the matrix in Example 7.

True or False:

(@) If L: V — V is a linear operator and A is an eigenvalue for L, then E) =
{AL(V)|veV].

(b) If L is a linear operator on a finite dimensional vector space V and A is a
matrix for L with respect to some ordered basis for V, then py(x) = pa (x).

(o) If dim(V) =5, a linear operator L on V is diagonalizable when L has
five linearly independent eigenvectors.
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Eigenvectors for a given linear operator L are linearly independent if and
only if they correspond to distinct eigenvalues of L.

If L is a linear operator on a finite dimensional vector space, then the union
of bases for distinct eigenspaces for L is a linearly independent set.

If L: R® — R® is a diagonalizable linear operator, then the union of bases
for all the distinct eigenspaces of L is actually a basis for RO.

If L is a diagonalizable linear operator on a finite dimensional vector space
V,the Generalized Diagonalization Method produces a basis B for V so that
the matrix for L with respect to B is diagonal.

If L is a linear operator on a finite dimensional vector space V and A is an
eigenvalue for L, then the algebraic multiplicity of A is never greater than
the geometric multiplicity of A.

If dim(V) =7 and L: V — V is a linear operator, then L is diagonalizable
whenever the sum of the algebraic multiplicities of all the eigenvalues
equals 7.

IfA = [(1) 2],then (I — A)(4I; — A) = O».

REVIEW EXERCISES FOR CHAPTER 5

1. Which of the following are linear transformations? Prove your answer is correct.
*x(a) f:R3 — R3 given by f([x,y,2]) = [42 —y,3x + 1,2y + 5x]

*3,

*4.

4b — ¢ 3d —a

(b) g:P3 — M3, given by g(ax? +bx*>+cx+d) = | 2d+3a 4c

5a+c+2d 2b—3d

(© h:R? — R? given by h([x,y]) = [2\/x_y, —szy]

Find the image of [2, —3] under the linear transformation that rotates every
vector [x,y] in R? counterclockwise about the origin through 6 = 27/3. Use
three decimal places in your answer.

Let B and C be fixed n X n matrices, with B nonsingular. Show that the mapping

f: Mup — My, given by f(A) = CAB™! is a linear operator.

Suppose L: R3 > R3 is a linear operator and L([1,0,0]) = [—3,2,4],
L([0,1,0]) =[5,—1,3], and L([0,0,1]) =[—4,0,—2]. Find L([6,2,—7]). Find
L([x,y,z]),for any [x,y,z] € R3.

Let L;: V — W and L: W — X be linear transformations. Suppose V' is a
subspace of V and X is a subspace of X'.

(a) Prove that (Iz o L1)()') is a subspace of X.
*(b) Prove that (L oL;)” '(X”’) is a subspace of V.
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For each of the following linear transformations L:V — W, find the matrix Agc
for L with respect to the given bases B for V and C for W using the method of
Theorem 5.5:
*(a) L:R3 — R? given by L([x,y,2z]) = [3y + 2z,4x — 7y] with

B = ([-5,—3,—2],[3,0,11,[5,2,2]) and C = ([4,3],[—3, —2])

() L: My — P» given by L([i 2

o 3 4| [-2 -2 3 2| |-6 -3
(2b+3d—50)w1thB—<[_7 2},[ 3 _2][_2 3:|,|: 3 _4)

and C = (—6x% +x +5,7x> —6x +2,2x2 —2x + 1)

= (2d + ¢ — 3a)x* + (4b — a)x +

In each case, find the matrix Apg for the given linear transformation L: V — W
with respect to the given bases D and E by first finding the matrix for L with
respect to the standard bases B and C for V and W, respectively,and then using
the method of Theorem 5.6.

(@ L: R* - R3 given by L([a,b,c,d]) = [2a+ b — 3¢,3b + a — 4d,c — 2d]
with D = ([-4,7,3,0],[2,—-1,—-1,2],[3,-2,-2,3],[-2,2,1,1]) and E =
([_2’ _172]7 [_6’27 _1]7 [3’ _2’ 2])

*(b) L:P> — Mp>; given by

L(ax2+bx+c)=|:6a_b_c 3b+2c:|

2a—4c a—5b+c

with D = (=5x% +2x +5,3x%2 —x — 1, —2x% + x + 3)

war= (3301 AL )

Find the matrix with respect to the standard bases for the composition Lz o L o
L1:R3 - R3if L, is a reflection through the yz-plane, L, is a rotation about the
z-axis of 90°,and L3 is a projection onto the xz-plane.

Suppose L: R> — R3 is the linear operator whose matrix with respect to the

23 36 12
standard basis B for R3 is Agg = 4—11 36 —31 —24/|.
—12 24 49

*(a) Find pa,, (x). (Be sure to incorporate % correctly into your calculations.)

(b) Find all eigenvalues for App and fundamental eigenvectors for each
eigenvalue.

(c) Combine the fundamental eigenvectors to form a basis C for R3.
(d) Find A¢c. (Hint: Use Agg and the transition matrix P from C to B.)

(e) Use A¢c to give a geometric description of the operator L,as was done in
Example 6 of Section 5.2.
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10. Consider the linear transformation L: R* — R* given by

X1 3 1 -3 5 X1
I X2 _ 21 -1 2 X2
X3 2 3 5 —6||x3
X4 1 4 10 —13 X4

*(a) Find a basis for ker(L) and a basis for range(L).
(b) Verify that dim(ker(Z)) + dim(range(L)) = dim(R%).

(o) Is [—18,26,—4,2] in ker(L)? Is [—18,26,—6,2] in ker(L)? Why or why
not?

(d Is [8,3,—11,—23] in range(L)? Why or why not?

‘ ’:; = (a—f)x3+ (b— 202 +

(d — 3f)x, find a basis for ker(L) and a basis for range(L), and verify that
dim(ker(Z)) + dim(range(L)) = dim(M33).

11. For L: M3z, — Ps3 given by L

*12. LetL;:V — Wand L,: W — X be linear transformations.
(a) Show that dim(ker(Z;)) = dim(ker(ZL; o Ly)).
(b) Find linear transformations L;,L»:R? — R? for which dim(ker(Z;)) <
dim(ker(L; o Ly)).
13. Let A be a fixed m X n matrix, and let L: R” — R”” and M:R”™ — R” be given
by L(X) = AX and M(Y) = ATY.
(a) Prove that dim(ker(L)) — dim(ker(M)) = n — m.

(b) Prove that if L is onto, then M is one-to-one.

(o) Is the converse to part (b) true? Prove or disprove.

14. Consider L: P3 — Ma; given by L(ax® + bx? + cx +d) = |:a ; d cibd:|'

(a) Without using row reduction, determine whether I is one-to-one and
whether L is onto.

(b) What is dim(ker(Z))? What is dim(range(L))?

15. In each case, use row reduction to determine whether the given linear trans-
formation L is one-to-one and whether L is onto, and find dim(ker(Z)) and
dim(range(L)).

X1 2 -1 1 X1
*(a) L: R? — R3 given by L| | x2 =|-11 3 3| |x2
x3 13 -8 9] |x
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16.

17.

18.

19.

20.

21.

6 3 21 5
) L: R* — P, having matrix | 3 2 10 2| withrespectto the standard
2 -1 9 1

bases for R* and P,

(a) Prove that any linear transformation from Pz to R3 is not one-to-one.

(b) Prove that any linear transformation from P, to M>; is not onto.

Let L: V — WV be a linear transformation.

(a) Suppose L is one-to-one and L(vy) = cL(vz) with ¢ # 0 for some vectors
v1,v2 € V. Show that vi = c¢v;,and explain why this result agrees with part
(1) of Theorem 5.13.

(b) Suppose L is onto and w € W. Let vy,v2 € V and suppose that L(avy +
bv,) #w for all a,b € R. Prove that {v{,v,} does not span V. (Hint: Use
part (2) of Theorem 5.13.)

Consider the linear operators L; and L, on R* having the given matrices with
respect to the standard basis:

3 6 1 1 9 8 5 4
15 2 -2 1 19 13 4 7
iy 1 o 1|0 Bl 5 o 25
1 -1 -2 -1 -5 -2 -2 0

*(a) Show that L; and L; are isomorphisms.
*(b) Calculate the matrices for L o L1 ,Ll_l, and L, L
(c) Verify that the matrix for (L o L1)™~ : agrees with the matrix for L Ly Ly L

(a) Show that a shear in the z-direction with factor k& (see Table 5.1 in Section
5.2) is an isomorphism from R to itself.

(b) Calculate the inverse isomorphism of the shear in part (a). Describe the
effect of the inverse geometrically.

Consider the subspace W of M, consisting of all # X n» symmetric matrices,

and let B be a fixed n X n nonsingular matrix.

(a) Prove that if A € WV, then B’ABeW.

(b) Prove that the linear operator on W given by L(A) = BT AB is an isomor-
phism. (Hint: Show either that L is one-to-one or that L is onto, and then
use Corollary 5.21.)

Consider the subspace W of P, consisting of all polynomials of the form ax* +
bx3 + cx?, for some a,b,c € R.
*(a) Prove that L: W — P; given by L(p) = p’ + p” is one-to-one.

(b) Is L an isomorphism from W to P3?

(c) Find a vector in P3 that is not in range(L).
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22. For each of the following, let L be the indicated linear operator.
(i) Find all eigenvalues for L,and a basis of fundamental eigenvectors for each
eigenspace.
(ii) Compare the geometric and algebraic multiplicities of each eigenvalue,
and determine whether L is diagonalizable.

(iii) If L is diagonalizable, find an ordered basis B of eigenvectors for L, a diag-
onal matrix D that is the matrix for L with respect to the basis B, and the
transition matrix P from B to the standard basis.

-9 18 —16
*(a) L:R3 — R3 having matrix | 32 —63 56 | with respect to the
44 —84 75
standard basis
-1 -3 3
() L: R? — R3 having matrix 3 —1 —1| with respect to the
—1 1 -3
standard basis
—-97 20 12
*(c) L: R?® — R3 having matrix | —300 63 36 | with respect to the
—300 60 39

standard basis
(@) L:P3 — P3 given by L(p(x)) = (x — 1)p/(x) — 2p(x)

23. Show that L:R3 — R3 given by reflection through the plane determined by the
linearly independent vectors [a,b,c] and [d, e, f] is diagonalizable, and state a
diagonal matrix D that is similar to the matrix for L with respect to the standard
basis for R3, as well as a basis of eigenvectors for L. (Hint: Use Exercise 8(a) in
Section 3.1 to find a vector that is orthogonal to both [a, b, c] and [d, e, f]. Then,
follow the strategy outlined in the last paragraph of Example 6 in Section 5.2.)

24. Verify that the Cayley-Hamilton Theorem holds for the matrix in Example 12 of
Section 5.6. (Hint: See part (a) of Exercise 3 in Section 5.6.)

*25. True or False:

() There is only one linear transformation L: R? — R? such that L(i) = j and

LG) = i.
(b) There is only one linear transformation L: R3 — R2 such that L3{) =jand
L) = i.

(c) The matrix with respect to the standard basis for a clockwise rotation

about the origin through an angle of 45° in R? is (4) [_i ii|

(@ If L: YV — W is a linear transformation and ) is a subspace of V, then
T:Y — W given by T(y) = L(y) for all y € ) is a linear transformation.
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Let Bbe a fixed m X n matrix,and let L:R” — R be given by L(X) = BX.
Then B is the matrix for L with respect to the standard bases for R”
and R™.

If L: V — WV is a linear transformation between nontrivial finite dimen-
sional vector spaces, and if Agc and Apgp are matrices for L with respect
to the bases B and D for V and C and E for YV, then Agc and Apg are
similar matrices.

There is a linear operator L on R5 such that ker(L) = range(L).

If A is an m X n matrix and L: R” — R is the linear transformation
L(X) = AX, then dim(range(L)) = dim(row space of A).

If A is an m X n matrix and L: R” — R™ is the linear transformation
L(X) = AX, then range(L) = column space of A.

The DimensionTheorem shows that if L: V — WV is a linear transformation
and V is finite dimensional, then }V is also finite dimensional.

A linear transformation L: V — VWV is one-to-one if and only if ker(L) is
empty.

If V is a finite dimensional vector space, then a linear transformation L:
YV — W is one-to-one if and only if dim(range(Z)) = dim(}).

Every linear transformation is either one-to-one or onto or both.

If V is a finite dimensional vector space and L: V — W is an onto linear
transformation, then WV is finite dimensional.

If L: V — W is a one-to-one linear transformation and 7 is a linearly
independent subset of V, then L(T') is a linearly independent subset
of W.

If L: V — W is a one-to-one and onto function between vector spaces,
then L is a linear transformation.

If V and W are nontrivial finite dimensional vector spaces,and L:V — W
is a linear transformation, then L is an isomorphism if and only if the
matrix for L with respect to some bases for V and W is square.

If L: R3 — R3 is the isomorphism that reflects vectors through the plane
2x+3y—z=0,thenL” ! =L

Every nontrivial vector space V is isomorphic to R” for some #.

If W, and W, are two planes through the origin in R3, then there exists
an isomorphism L: W; — W.

If L: V — W is a linear transformation and M: )V — X is an isomorphism,
then ker(M o L) = ker(L).



(v) IfL:V — W is a linear transformation and M: W — X’ is an isomorphism,

w)

x)

)

(@)
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then range(M o L) = range(L).

If A is an # X n matrix and A is an eigenvalue for A, then E), is the kernel
of the linear operator on R” whose matrix with respect to the standard
basis is (AL, — A).

If L is a linear operator on an n-dimensional vector space V such that L has
n distinct eigenvalues, then the algebraic multiplicity for each eigenvalue
is 1.

If L is a linear operator on a nontrivial finite dimensional vector space

V, x2 is a factor of pr(x),and dim(Ep) = 1,then L is not diagonalizable.

If L is a linear operator on a nontrivial finite dimensional vector space
VY and By,...,Bp are bases for & different eigenspaces for L, then By U
Bz U---UBy is a basis for a subspace of V.
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